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Abstract

We present a new polynomial-time algorithm for finding minimal vertex covers in graphs. It is shown that
every graph with n vertices and maximum vertex degree A must have a minimum vertex cover of size at
most n-| n/(A+1) | and that this condition is the best possible in terms of n and A. The algorithm finds a
minimum vertex cover in all known examples of graphs. In view of the importance of the P versus NP
question, we ask if there exists a graph for which the algorithm cannot find a minimum vertex cover. The
algorithm is demonstrated by finding minimum vertex covers for several famous graphs, including two
large benchmark graphs with hidden minimum vertex covers. We implement the algorithm in C++ and
provide a demonstration program for Microsoft Windows [download].

e,
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1. Introduction

In 1972, Karp [1] introduced a list of twenty-one NP-complete problems, one of which
was the problem of finding a minimum vertex cover in a graph. Given a graph, one must
find a smallest set of vertices such that every edge has at least one end vertex in the set.
Such a set of vertices is called a minimum vertex cover of the graph and in general can be
very difficult to find. For example, try to find a minimum vertex cover with seven
vertices in the Frucht graph [2] shown below in Figure 1.1.

Figure 1.1. Find a vertex cover with seven vertices

We present a new polynomial-time VERTEX COVER ALGORITHM for finding minimal
vertex covers in graphs. In Section 2, we provide precise DEFINITIONS of all the
terminology used. In Section 3, we present a formal description of the ALGORITHM
followed by a small example to show how the algorithm works step-by-step. In Section 4,
we show that the algorithm has polynomial-time COMPLEXITY. In Section 5, we give a
new condition of SUFFICIENCY for a graph to have a minimum vertex cover of a certain
size. We prove that every graph with n vertices and maximum vertex degree A must have
a minimum vertex cover of size at most n- n/(A+1) | and that the algorithm will always
find a vertex cover of at most this size. Furthermore, we prove that this condition is the
best possible in terms of n and A by explicitly constructing graphs for which the size of a
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minimum vertex cover is exactly n4 n/(A+1) 1. For all known examples of graphs, the
algorithm finds a minimum vertex cover. In view of the importance of the P versus NP
question [3], we ask: does there exist a graph for which this algorithm cannot find a
minimum vertex cover? In Section 6, we provide an IMPLEMENTATION of the algorithm
as a C++ program, together with demonstration software for Microsoft Windows. In
Section 7, we demonstrate the algorithm by finding minimum vertex covers for several
EXAMPLES of famous graphs, including two large benchmark graphs with hidden
minimum vertex covers. In Section 8, we list the REFERENCES.

2. Definitions

We begin with precise definitions of all the terminology and notation used in this
presentation, following [4]. We use the usual notation | x] to denote the floor function i.e.
the greatest integer not greater than x and [ x| to denote the ceiling function i.e. the least
integer not less than x.

A simple graph G with n vertices consists of a set of vertices V, with |V| = n, and a set
of edges E, such that each edge is an unordered pair of distinct vertices. Note that the
definition of G explicitly forbids loops (edges joining a vertex to itself) and multiple
edges (many edges joining a pair of vertices), whence the set E must also be finite. We
may label the vertices of G with the integers 1, 2, ..., n. If the unordered pair of vertices
{u, v} is an edge in G, we say that u is a neighbor of v and write uveE. Neighborhood is
clearly a symmetric relationship: uveE if and only if vueE. The degree of a vertex v,
denoted by d(v), is the number of neighbors of v. The maximum degree over all vertices
of G is denoted by A. The adjacency matrix of G is an nxn matrix with the entry in row u
and column v equal to 1 if uveE and equal to O otherwise. A clique Q of G is a set of
vertices such that every unordered pair of vertices in Q is an edge. An independent set S
of G is a set of vertices such that no unordered pair of vertices in S is an edge. A vertex
cover C of G is a set of vertices such that for every edge {u,v} of G at least one of u or v
is in C. Given a vertex cover C of G and a vertex v in C, we say that v is removable if the
set C—{v} is still a vertex cover of G. Denote by p(C) the number of removable vertices
of a vertex cover C of G. A minimal vertex cover has no removable vertices. A minimum
vertex cover is a vertex cover with the least number of vertices. Note that a minimum
vertex cover is always minimal but not necessarily vice versa.

An algorithm is a problem-solving method suitable for implementation as a computer
program. While designing algorithms we are typically faced with a number of different
approaches. For small problems, it hardly matters which approach we use, as long as it is
one that solves the problem correctly. However, there are many problems for which the
only known algorithms take so long to compute the solution that they are practically
useless. A polynomial-time algorithm is one whose number of computational steps is
always bounded by a polynomial function of the size of the input. Thus, a polynomial-
time algorithm is one that is actually useful in practice. The class of all such problems
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that have polynomial-time algorithms is denoted by P. For some problems, there are no
known polynomial-time algorithms but these problems do have nondeterministic
polynomial-time algorithms: try all candidates for solutions simultaneously and for each
given candidate, verify whether it is a correct solution in polynomial-time. The class of
all such problems is denoted by NP. Clearly P < NP. On the other hand, there are
problems that are known to be in NP and are such that any polynomial-time algorithm for
them can be transformed (in polynomial-time) into a polynomial-time algorithm for every
problem in NP. Such problems are called NP-complete. The problem of finding a
minimum vertex cover is known to be NP-complete [1]. Thus, if we are able to show the
existence of a polynomial-time algorithm that finds a minimum vertex cover in any
graph, we could prove that P = NP. The present algorithm is, so far as we know, a
promising candidate for the task. One of the greatest unresolved problems in mathematics
and computer science today is whether P = NP or P = NP [3].

3. Algorithm

We now present a formal description of the algorithm. This is followed by a small
example illustrating the steps of the algorithm. We start by defining two procedures.

3.1. Procedure. Given a simple graph G with n vertices and a vertex cover C of G, if C
has no removable vertices, output C. Else, for each removable vertex v of C, find the
number p(C—{v}) of removable vertices of the vertex cover C—{v}. Let vn. denote a
removable vertex such that p(C—{Vmax}) IS @ maximum and obtain the vertex cover
C—{vmax}- Repeat until the vertex cover has no removable vertices.

3.2. Procedure. Given a simple graph G with n vertices and a minimal vertex cover C of
G, if there is no vertex v in C such that v has exactly one neighbor w outside C, output C.
Else, find a vertex v in C such that v has exactly one neighbor w outside C. Define C"" by
removing v from C and adding w to C. Perform procedure 3.1 on C"" and output the
resulting vertex cover.

3.3. Algorithm. Given as input a simple graph G with n vertices labeled 1, 2, ..., n,
search for a vertex cover of size at most k. At each stage, if the vertex cover obtained has
size at most k, then stop.

e Partl.Fori=1,2, .., ninturn
o Initialize the vertex cover C; = V-{i}.
o Perform procedure 3.1 on C,i.
o Forr=1,2, ..., n—k perform procedure 3.2 repeated r times.
o Theresult is a minimal vertex cover C;.
« Part Il. For each pair of minimal vertex covers C;, C; found in Part |
o Initialize the vertex cover C; j = CiUC; .
o Perform procedure 3.1 on C; ;.
o Forr=1,2, ..., n—k perform procedure 3.2 repeated r times.
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o The result is a minimal vertex cover C; ;.

3.4. Example. We demonstrate the steps of the algorithm with a small example. The
input is the Frucht graph [2] shown below with n = 12 vertices labled

V={1223456,738,09, 10,11, 12}.

Figure 3.1. A small example to demonstrate the steps of the algorithm
We search for a vertex cover of size at most k = 7. Part | for i =1 and i = 2 yields vertex

covers C; and C, of size 8, so we give the details starting from i = 3. We initialize the
vertex cover as

Cs=V-{3}={1,2,4,5, 6,78, 09,10, 11, 12}.

We now perform procedure 3.1. Here are the results in tabular form:
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Vertex Cover C3={1,2,4,5,6,7,8,9, 10, 11, 12}. Size: 11.

Removable vertex v of C3 Removable vertices of Cs—{v} p(Cs—{v})
1 5,6,8,9,12

5 1,7,8,11,12
6 1,9,11,12

7 5,9,11,12

8 1,5,9,11

9 1,6,7,8, 11
11 56,7,8,9,12
12 1,5,6,7,11

oo o b b B0 O1

Maximum p(Cs—{v}) = 6 for v = 11. Remove vertex 11 from Cs.

Vertex Cover C3={1, 2,4,5,6,7,8,9, 10, 12}. Size: 10.

Removable vertex v of Cs Removable vertices of Cs—{v} p(Cs—{v})
5 7,8,12
6 9,12

7 509,12
8 59

9 6,7,8
12 56,7

Wl Wi W N W

Maximum p(Cs—{v}) = 3 for v = 5. Remove vertex 5 from Cs.

Vertex Cover C3={1,2,4,6,7,8,9, 10, 12}. Size: 9.

Removable vertex v of C;3 Removable vertices of C3—{v} p(Cs—{v})
7 12 1
8 None 0
12 7 1
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Maximum p(Cs—{v}) = 1 for v=7. Remove vertex 7 from Cs.

Vertex Cover C3={1, 2,4, 6, 8, 9, 10, 12}. Size: 8.

Removable vertex v of C3 Removable vertices of Cs—{v} p(Cs—{v})
12 None 0

Maximum p(Cs—{v}) = 0 for v = 12. Remove vertex 12 from Cs.

We obtain a minimal vertex cover
Cs:={1,2,4,6,8,9, 10}

of the requested size k = 7 and the algorithm terminates.

4. Complexity

We shall now show that the algorithm terminates in polynomial-time, by specifying a
polynomial of the number of vertices n of the input graph, that is an upper bound on the
total number of computational steps performed by the algorithm. Note that we consider

« checking whether a given pair of vertices is connected by an edge in G, and
« comparing whether a given integer is less than another given integer

to be elementary computational steps.

4.1. Proposition. Given a simple graph G with n vertices and a vertex cover C, procedure
3.1 takes at most n° steps.

Proof. Checking whether a particular vertex is removable takes at most n? steps, since the
vertex has less than n neighbors and for each neighbor it takes less than n steps to check
whether it is in the vertex cover. For a particular vertex cover, finding the number p of
removable vertices takes at most n® = nn? steps, since for each of the at most n vertices in
the vertex cover we must check whether it is removable or not. For a particular vertex
cover, finding a vertex for which p is maximum then takes at most n* = nn® steps, since
the vertex cover has at most n vertices. Procedure 3.1 terminates when at most n vertices
are removed, so it takes a total of at most n° = nn* steps. o

4.2. Proposition. Given a simple graph G with n vertices and a minimal vertex cover C,
procedure 3.2 takes at most n>+n?+1 steps.
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Proof. To find a vertex v in C that has exactly one neighbor w outside C takes at most n’
steps, since there are less than n vertices in C and we must find out if at least one of the
less than n neighbors of any such vertex are outside C. If such a vertex v has been found,
it takes one step to exchange v and w. Thereafter, by proposition 4.1, it takes at most n°
steps to perform procedure 3.1 on the resulting vertex cover. Thus, procedure 3.2 takes at
most n*+1+n° steps. O

4.3. Proposition. Given a simple graph G with n vertices, part | of the algorithm takes at
most n’+n°+n*+n? steps.

Proof. At each turn, procedure 3.1 takes at most n’ steps by proposition 4.1. Then
procedure 3.2 is performed at most n times, since k can be at most n. This, by proposition
4.2, takes at most n(n>+n?+1) = n®+n+n steps. So, at each turn, at most n>+n®+n+n steps
are executed. There are n turns for i =1, 2, ..., n, so part | performs a total of at most
n(n®+n®+n+n) = n®+n"+n*+n? steps. o

4.4. Proposition. Given a simple graph G with n vertices, the algorithm takes less than
n®+2n’+n®+n>+n*+n+n’ steps to terminate.

Proof. There are less than n? distinct pairs of minimal vertex covers found by part I, that
are treated in turn. Similar to the proof of proposition 4.3, part Il takes less than
n’(n>+n°+n®n) = n’+n®n>+n’. Hence, part | and part Il together take less than a grand
total of (n’+n°+n*+n?)+(n®+n"+n°+n’) = n®+2n"+n®+n>+n*+n’+n’ steps to terminate. o

4.5. Remark. These are pessimistic upper bounds for the worst possible cases. The actual
number of steps taken by the algorithm to terminate will depend on both n and k. For
larger values of k, the algorithm terminates much faster. In almost all of the examples in
section 7, one or two steps of part | already find a minimum vertex cover. Only the
second benchmark, Witzel's graph 7.20, requires part Il of the algorithm to find a
minimum vertex cover.

5. Sufficiency

The algorithm may be applied to any simple graph and will always terminate in
polynomial-time, finding many minimal vertex covers. The propositions below establish
sufficient conditions on the input graph which guarantee that the algorithm will find
minimal vertex covers of a certain size. Specifically, we prove that every graph with n
vertices and maximum vertex degree A must have a minimum vertex cover of size at
most n- n/(A+1) ] and that the algorithm will always find a vertex cover of at most this
size. Furthermore, we prove that this condition is the best possible in terms of n and A by
explicitly constructing graphs for which the size of a minimum vertex cover is exactly
n- n/(A+1) |. The proofs use two fundamental axioms: Euclid's Division Lemma [5] and
the Pigeonhole Principle [6].
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Euclid's Division Lemma. Given a positive integer m and any integer n, there exist
unique integers g and r with 0 <r < m such that n = gm-+r.

Pigeonhole Principle. If | letters are distributed into p pigeonholes, then some
pigeonhole receives at least [1/p] letters and some pigeonhole receives at most | I/p]
letters.

5.1. Proposition. Given a simple graph G with n vertices and an initial vertex cover C. At
each stage of procedure 3.1, if the vertex cover C has | vertices and the maximum degree
among the vertices outside C is less than [ I/(n-1)], then procedure 3.1 produces a strictly
smaller vertex cover.

Proof. By contradiction. Suppose the vertex cover C is minimal. Then there are no
removable vertices and every vertex in C must have a neighbor outside C. Thus there are
at least | edges (letters) with one end vertex in C and the other end vertex outside C, there
being exactly p = n—I vertices outside C (pigeonholes). By the pigeonhole principle, some
vertex outside C must receive at least [ 1/p | edges contradicting the hypothesis that the
maximum degree among the vertices outside C is less than [ I/p |. o

5.2. Proposition. Given a vertex cover C of G, procedure 3.1 always produces a minimal
vertex cover of G.

Proof. Procedure 3.1 terminates only when there are no removable vertices. By
definition, the resulting vertex cover must be minimal. o

5.3. Proposition. Given a simple graph G with n vertices and an initial minimal vertex
cover C. If the minimal vertex cover C has m vertices and the maximum degree among
the vertices outside C is less than [ 2m/(n—-m) 1, then there exists a vertex v in C such that v
has exactly one neighbor w outside C and procedure 3.2 produces a minimal vertex cover
different from C and of size less than or equal to the size of C.

Proof. By contradiction. Note that since C is minimal, there are no removable vertices
and every vertex in C has at least one neighbor outside C. Suppose every vertex in C has
more than one neighbor outside C. Then there are at least | = 2m edges (letters) with one
end vertex in C and the other end vertex outside C, there being exactly p = n—-m vertices
outside C (pigeonholes). By the pigeonhole principle, some vertex outside C must receive
at least [1/p| edges contradicting the hypothesis that the maximum degree among the
vertices outside C is less than [1/p]. Thus, there exists a vertex v in C such that v has
exactly one neighbor w outside C. Now since procedure 3.2 exchanges v and w, a vertex
cover different from C but of the same size as C is created. Note that in the process some
vertices of the vertex cover might have become removable. Then, procedure 3.2 applies
procedure 3.1 that produces a minimal vertex cover different from C and of size less than
or equal to the size of C. o

5.4. Proposition. Given a simple graph G with n vertices and maximum vertex degree A,
the algorithm always finds a minimal vertex cover of size at most n- n/(A+1) .
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Proof. Consider any one turn of part | in the algorithm. After t vertices have been
removed from a total of n, the vertex cover C has | = n—t vertices and the maximum
degree among the vertices outside C is certainly less than or equal to A. By proposition
5.1, if A is less than [1/(n-I)1= [ (n—t)/(n—-(n—t)) 1= [ (n-t)/t]= [ (n/t)-11, then a strictly
smaller vertex cover is produced by the removal of a vertex. Hence, as long as t is less
than [ n/(A+1) 1, a vertex can still be removed and procedure 1 continues. Thus, at least
[n/(A+1)] are removed, leaving a vertex cover of size at most n-/n/(A+1)]. By
propositions 5.1, 5.2 and 5.3, all of the vertex covers produced by the algorithm are
minimal and of size at most n- n/(A+1) 1. o

5.5. Proposition. A simple graph G with n vertices and maximum vertex degree A has a
minimal vertex cover of size at most n- n/(A+1) .

Proof. By proposition 5.4, the algorithm finds a minimal vertex cover of size at most
n- n/(A+1) 1. o

5.6. Proposition. Given any positive integers n and A such that 0 < A < n, there exists a
graph G with maximum vertex degree A and a minimum vertex cover of size
n- n/(A+1) |. For any such graph the algorithm always finds a minimum vertex cover,

Proof. Let n = g(A+1)+r with 0 <r < A+1 by Euclid's division lemma. There are two
cases.

e Case 1. Suppose r = 0. Define G to be the graph consisting of q disjoint cliques
Q1, ..., Qq with A+1 vertices each. Then G is a graph with maximum vertex degree
A. Suppose Chinimum 1S @ minimum vertex cover of G. Then Cpjnimum Must contain
all but one vertex from each clique, i.e. the size of Cyinimum Must be at least gA. On
the other hand, by proposition 5.4, the algorithm finds a minimal vertex cover C
of size at most n- n/(A+1) = q(A+1)- q(A+1) /(A+1)]= q(A+1)-q = gA. Thus,
the size of C and Cpinimum Must be the same, i.e. n-/ n/(A+1) .

o Case 2. Suppose r is positive. Define G to be the graph consisting of g disjoint
cliques Qy, ...,Qq with A+1 vertices each and a disjoint clique R with r vertices.
Then G is a graph with maximum vertex degree A. Suppose Crminimum IS @
minimum vertex cover of G. Then Cinimum Must contain all but one vertex from
each clique, i.e. the size of Cyinimum Must be at least gA+r—1. On the other hand,
by proposition 5.4, the algorithm finds a minimal vertex cover C of size at most
n- n/(a+1) 1= q(A+1)+rd (qa+1)+r  )/(A+1) 1= q(A+1)+r—gd r/(A+1) ] =
gA+g+r—g—1 = qA+r—1, using the fact that [ r /(A+1) | = 1 since 0 < r < A+1. Thus,
the size of C and Cpinimum Must be the same, i.e. n-[ n/(A+1) . o

5.7. Question. For all known examples of graphs, the algorithm finds a minimum vertex
cover. In view of the importance of the P versus NP question [3], we ask: does there exist
a graph for which this algorithm cannot find a minimum vertex cover?
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6. Implementation

We demonstrate the algorithm with a C++ program following the style of [7]. The
demonstration program package [download] contains a detailed help file and section 7
gives several examples of input/output files for the program.

=10l x|

Input File  Output File  Vizualizer Examplez  Help

DEMONSTRATION PROGRAM

THE VERTEX COVER ALGORITHM
File Edt Seach Help
18 -

[~~~ R~ -]
o =—-no=-nooo
- Do I o m I =
=D omoD=--noom=-o
oo m = -n o - o

oo m =-m=Snm = m
oo = oo o = =t
o =m oD@ @ =m -
= nomoDo=-o=-no

1

E o= -snom-=-oon o

b

File Edit Search Help

1. Uertex Cover (6): 2 4
2. Uertex Cover (6): 1 3

EE

Y
S

k= |6 Find wertex covers of zize at most k

Figure 6.1. Demonstration program for Microsoft Windows [download]
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vertex_cover.cpp
#include <iostream>
#include <fstream>
#include <string>
#include <vector>
using namespace std;

bool removable (vector<int> neighbor, vector<int> cover);

int max removable (vector<vector<int> > neighbors, vector<int> cover);

vector<int> procedure 1 (vector<vector<int> > neighbors, vector<int>
cover) ;

vector<int> procedure 2 (vector<vector<int> > neighbors, vector<int>
cover, int k);

int cover size(vector<int> cover);

ifstream infile ("graph.txt");

ofstream outfile ("covers.txt");

int main ()
{
//Read Graph
cout<<"Vertex Cover Algorithm."<<endl;
int n, i, 3, k, p, 9, ¥, s, min, edge, counter=0;
infile>>n;
vector< vector<int> > graph;
for (i=0; i<n; i++)
{
vector<int> row;
for (j=0; Jj<n; J++)
{
infile>>edge;
row.push back (edge) ;
}
graph.push back (row) ;
}
//Find Neighbors
vector<vector<int> > neighbors;
for (i=0; i<graph.size(); i++)
{
vector<int> neighbor;
for (7=0; j<graph[i].size(); Jj++)
if (graph[i] [J]==1) neighbor.push back(j);
neighbors.push back (neighbor);
}
cout<<"Graph has n = "<<n<<" vertices."<<endl;
//Read minimum size of Vertex Cover wanted
cout<<"Find a Vertex Cover of size at most k = ";
cin>>k;
//Find Vertex Covers
bool found=false;
cout<<"Finding Vertex Covers..."<<endl;
min=n+1;
vector<vector<int> > covers;
vector<int> allcover;
for (i=0; i<graph.size(); i++)
allcover.push back(1l);
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for (i=0; i<allcover.size(); 1i++)

{

if (found) break;

counter++; cout<<counter<<". "; outfile<<counter<<". ";
vector<int> cover=allcover;
cover[1]=0;
cover=procedure_ 1 (neighbors, cover);
s=cover size(cover);

if(s<miH) min=s;

if (s<=k)

{

outfile<<"Vertex Cover ("<<s<<"): ';

for (j=0; j<cover.size(); Jj++) if(cover[j]==1) outfile<<j+l<<" ";
outfile<<endl;
cout<<"Vertex Cover Size: "<<s<<endl;

covers.push back (cover);
found=true;
break;
}
for (j=0; j<n-k; J++)
cover=procedure 2 (neighbors, cover,j);
s=cover size(cover);
if (s<min) min=s;
outfile<<"Vertex Cover ("<<s<<"): ";
for (j=0; Jj<cover.size(); j++) if(cover[j]l==1) outfile<<j+l" ";
outfile<<endl;
cout<<"Vertex Cover Size: "<<s<<endl;
covers.push back (cover);
if (s<=k){ found=true; break; }
}
//Pairwise Unions
for (p=0; p<covers.size(); p++)
{
if (found) break;
for (g=p+1l; g<covers.size(); gt++)
{
if (found) break;
counter++; cout<<counter<<". "; outfile<<counter<<". ";
vector<int> cover=allcover;
for (r=0; r<cover.size(); r++)
if (covers|[pl[r]==0 && covers[qg] [r]==0) cover[r]=0;
cover=procedure 1 (neighbors, cover);
s=cover size (cover);
if(s<miH) min=s;
if (s<=k)
{
outfile<<"Vertex Cover ("<<s<<"): ";
for (7=0; j<cover.size(); j++) if(cover[j]l==1) outfile<<j+l<" ";
outfile<<endl;
cout<<"Vertex Cover Size: "<<s<<endl;
found=true;
break;
}
for (7=0; j<k; J++)
cover=procedure 2 (neighbors, cover, j);
s=cover size (cover);
if (s<min) min=s;
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outfile<<"Vertex Cover ("<<s<<"): ';

for (7=0; j<cover.size(); j++) if(cover[j]l==1) outfile<<j+l<" ";
outfile<<endl;
cout<<"Vertex Cover Size: "<<s<<endl;

if (s<=k){ found=true; break; !}
}

}

if (found) cout<<"Found Vertex Cover of size at most "<<k<<"."<<endl;

else cout<<"Could not find Vertex Cover of size at most

"<<k<<"  "<<endl

<<"Minimum Vertex Cover size found is "<<min<<"."<<endl;

cout<<"See cover.txt for results.'"<<endl;

system ("PAUSE") ;

return 0O;

}

bool removable (vector<int> neighbor, vector<int> cover)
{

bool check=true;

for (int i=0; i<neighbor.size(); i++)

if (cover[neighbor[i]]==0)

{

check=false;

break;

}

return check;

}

int max removable (vector<vector<int> > neighbors, vector<int> cover)
{
int r=-1, max=-1;
for (int i=0; i<cover.size(); i++)
{
if (cover[i]l==1 && removable (neighbors[i], cover)==true)
{
vector<int> temp cover=cover;
temp cover[i]=0;
int sum=0;
for (int j=0; j<temp cover.size(); Jj++)
if (temp cover[j]==1 && removable (neighbors[j], temp cover)==true)
sum++;
if (sum>max)
{
max=sum;
r=i;
}
}
}
return r;

}

vector<int> procedure 1 (vector<vector<int> > neighbors, vector<int>
cover)

{

vector<int> temp cover=cover;

int r=0;

COPYRIGHT © 2006 ASHAY DHARWADKER
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while (r!=-1)

{

r= max removable (neighbors, temp cover);
if(r!=-1) temp cover[r]=0;

}

return temp cover;

}

vector<int> procedure 2 (vector<vector<int> > neighbors, vector<int>
cover, int k)
{
int count=0;
vector<int> temp cover=cover;
int i=0;
for (int i=0; i<temp cover.size(); i++)
{
if (temp cover[i]==1)
{
int sum=0, index;
for (int j=0; j<neighbors[i].size(); Jj++)
if (temp cover[neighbors[i] [Jj]]==0) {index=j; sum++;}
if (sum==1 && cover|[neighbors[i] [index]]==0)
{
temp cover[neighbors[i] [index]]=1;
temp cover[i]=0;
temp cover=procedure 1 (neighbors, temp cover);
count++;
}
if (count>k) break;
}
}
return temp cover;

}

int cover size(vector<int> cover)
{

int count=0;

for (int i=0; i<cover.size(); i++)
if (cover[i]l==1) count++;

return count;

}

Figure 6.2. C++ program for the vertex cover algorithm [download]

7. Examples

We demonstrate the algorithm by running the program on several famous graphs and two
large benchmark graphs with hidden minimum vertex covers. In each case, the algorithm
finds a minimum vertex cover in polynomial-time.

COPYRIGHT © 2006 ASHAY DHARWADKER
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7.1. The Tetrahedron [8]. We run the program on the graph of the Tetrahedron with n =
4 vertices. The algorithm finds a minimum vertex cover of size k = 3.

graph. txt

PR e o
R PO
o
I

cover. txt
Vertex Cover (3): 1 3 4

Figure 7.1. The graph of the Tetrahedron with a minimum vertex cover
(n=4,k=3).

7.2. The Kuratowski Bipartite Graph K3 3 [9]. We run the program on the Kuratowski
bipartite graph Kz 3 with n = 6 vertices. The algorithm finds a minimum vertex cover of
sizek=3.

graph. txt

COPYRIGHT © 2006 ASHAY DHARWADKER
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6

000111
000111
000111
111000
111000
111000

cover. txt
Vertex Cover (3): 4 5 6

Figure 7.2. The Kuratowski graph Ks 3 with a minimum vertex cover
(n=6,k=3).

7.3. The Octahedron [8]. We run the program on the graph of the Octahedron with n =6
vertices. The algorithm finds a minimum vertex cover of size k = 4.
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011011
101101
110110

cover. txt
Vertex Cover (4): 2 3 5 6

Figure 7.3. The graph of the Octahedron with a minimum vertex cover
(n=6,k=4).

7.4. The Bondy-Murty Graph G; [4]. We run the program on the Bondy-Murty graph
G1 with n =7 vertices. The algorithm finds a minimum vertex cover of size k = 4.

graph. txt

5
0110110
1011010
1101100
01100601
1010001
1100001
0001110
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Vertex Cover
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Figure 7.4. The Bondy-Murty graph G; with a minimum vertex cover
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12 37

(n=7,k=4).

19

7.5. The Wheel Graph Wg [4]. We run the program on the Wheel graph Wg with n = 8

vertices. The algorithm finds a minimum vertex cover of size k = 5.

Q
R
]

g
=2

PP OOOORFr O
P OOOoOoOoOFr O
P OOOoORr ORFr O

cover.

.txt

P OORFrr ORFr OO
P ORFORFr OOoOO

txt

PR ORFR OOOO

P ORFrOOoOOoOOoO-R

S N e
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Vertex Cover (5): 2 3 5 7 8

Figure 7.5. The Wheel graph Wg with a minimum vertex cover
(n=8,k=5).

7.6. The Cube [8]. We run the program on the graph of the Cube with n = 8 vertices. The
algorithm finds a minimum vertex cover of size k = 4.

.txt

Q
R
]

0
o

OO ORFr OFr O
OrRr OO0OOoORr o
P O OOoORrr O O
OO O r o oR
P ORr OoOoORr o oo
ORr ORFroOoOoOo-rRr
P ORr OOOoORr o
OroOror oo

cover. txt
Vertex Cover (4): 2 4 6 8
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Figure 7.6. The graph of the Cube with a minimum vertex cover
(n=8,k=4).

7.7. The Petersen Graph [10]. We run the program on the Petersen graph with n = 10
vertices. The algorithm finds a minimum vertex cover of size k = 6.

graph. txt

10
0100101000
1010000100
0101000010
0010100001
1001010000
0000100110
1000000011
0100010001
0010011000
0001001100

cover. txt
Vertex Cover (6): 2 4 5 7 8 9
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Figure 7.7. The Petersen graph with a minimum vertex cover
(n=10,k=6).

7.8. The Bondy-Murty graph G; [4]. We run the program on the Bondy-Murty graph G;
with n =11 vertices. The algorithm finds a minimum vertex cover of size k = 7.

.txt

Q
R
]

g
=2

rFRFRPRPRPRPORFRPRPRPRPRPPEROOLR
l—‘l—‘l—‘i—‘o}—‘}—‘}—‘l—‘OOH
[oNoNoNeol S oNel SNel S
OO0 o oOoOProoor R
[oNeoNeoNel S NeoNoNel S =
O oo oOoOror ook
PFRrPRPRPRPORFRPRPEPRFRLEOO
OO RrPOoOoORroOoOoOoOoorRr
O OO rRPrPrPrOOOOoORr
P OOORrRrR OOOORr
ol SNeoNel HoNoNo ol

cover. txt
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O O

(n=11,k=7).
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7.9. The Grotzsch Graph [11]. We run the program on the Grotzsch graph with n = 11

vertices. The algorithm finds a minimum vertex cover of size k = 6.

graph. txt
11

(@]

oo ooor kPP P
OO ORFFOOOOo o
ORrRP ORFPr OO0OO0OO0OOo o
P ORFRPr OOOOOoOOoO oL
ORrRPr OORFrF OO0 Oo o

P OORFr OO0OOOoOOoO oL

P OORFrRrOORFr OOoORFr O

OO OoORFrRr P OORFr OO

OPrRroOoORroOoor OoOr o

P ORrPrROOORFr OoORr OO

OrookrRrPFroORr ooOo

COPYRIGHT © 2006 ASHAY DHARWADKER
http://www.dharwadker.org/vertex_cover



cover. txt
Vertex Cover

(6) :

THE VERTEX COVER ALGORITHM

178 910 11

Figure 7.9. The Grotzsch graph with a minimum vertex cover
(n=11,k=6).

24

7.10. The Herschel Graph [12]. We run the program on the Herschel graph with n = 11

vertices. The algorithm finds a minimum vertex cover of size k = 5.

graph.

11

(@]

oOooror ko
O OO0 OO o
P OOOORFrr OFr O

txt

OO O OO Ok o

OO O OO0OOoOOo-r

OO RrOoORr oOoOoOoOo

O O RFrPrOO0OOOoLr

P ORrOOOORFr O

O OO O OoOkr oo

POOORr EFP OOO

O O O OO OoOo
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(@]
(@]
o O
o -
o -
= O
o O
= O
o -

cover. txt
Vertex Cover (6): 2 4
Vertex Cover (5): 1 3

Figure 7.10. The Herschel graph with a minimum vertex cover
(n=11,k=5).

7.11. The Icosahedron [8]. We run the program on the graph of the Icosahedron with n =
12 vertices. The algorithm finds a minimum vertex cover of size k = 9.

graph. txt

12
011001110000
101111000000
110100011000
011010001100
010101000110
110010100010
100001010011
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101000101001
001100010101
0001100010101
0000111001001
000000111110

cover. txt
Vertex Cover (9): 1 2 3 56 7 9 10 12

Figure 7.11. The graph of the Icosahedron with a minimum vertex cover
(n=12,k=9).

7.12. The Bondy-Murty graph Gs [4]. We run the program on the Bondy-Murty graph
G3 with n = 14 vertices. The algorithm finds a minimum vertex cover of size k = 7.

graph. txt

14

00010001 000100
001000100O0100O00
01 0100000O00O0CO0T1
1010100000000O00
00010100010000
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000010100O0O0O01PO0
01 000101000O0°O0O
100000101O00O0O0O
00000001010O00O01
000010001O010°0°060
01 000000O01O01O060
1000000O0O0O0O1O01PO0
00000100O0O0CO0O1IO01
0010000010O0O01O0

cover. txt
Vertex Cover (7): 2 4 6 8 10 12 14

Figure 7.12. The Bondy-Murty graph Gz with a minimum vertex cover
(n=14,k=17).

7.13. The Bondy-Murty graph G4 [4]. We run the program on the Bondy-Murty graph
G4 with n = 16 vertices. The algorithm finds a minimum vertex cover of size k = 7.

graph. txt
16
00000100000O0O1O0O0O
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0 000001O001O0O0O0OOCOPO
0 00001000O0OO0OO0O1TO0O0®O
000000O00OO0O0O1TO0O0O00O0O

000000O010O0O0OO0O0O00O0O
101000000O01O0O0OCO0®O
01 0000001O0O0OO0OO0OOO®O
0 00010000O0OO0O1TO01O00P0
000000100000O0O01O
01 0000000O0O0O0O0O01O
000101000O0O0O0OO0CDOCO0®O
00000001 O0O0O0OO0OOOO®O
101000000O0O0OO0OO0OOCO®O
000000010O00OO0O0OO0O0O

0000000011 0O00O0O0O01

0O 00000O0O0COCOOOOOL1I®O

cover. txt

2 6 7 8 11 13 15

(7):

Vertex Cover

Figure 7.13. The Bondy-Murty graph G4 with a minimum vertex cover

=16,k =7).

(n
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=14.

7.14. The Ramsey Graph R(4,4) [6]. We run the program on the Ramsey graph R(4,4)

with n = 17 vertices. The algorithm finds a minimum vertex cover of size k

01101000110001O0101
101101000110001°0°1
1101101000110001060
0110110100011 006001
1011011010001 1000
01011011010001100
00101101101 000110
000101101101000171
1000101101101 00001
11000101101 101000
0110001011011 0100
0011000101101 1010
000110001011 011O0°1
100011000101 10110
0100011000101 1O0101
101000110001 011001
1101000110001 011F0

graph. txt
17
cover. txt

234568 9 10 11 12 14 15 16 17

(14) :

Vertex Cover

COPYRIGHT © 2006 ASHAY DHARWADKER

http://www.dharwadker.org/vertex_cover



30

THE VERTEX COVER ALGORITHM

Figure 7.14. The Ramsey graph R(4,4) with a minimum vertex cover

=14).

(n=17,k

7.15. The Folkman Graph [13]. We run the program on the Folkman graph with n = 20

vertices. The algorithm finds a minimum vertex cover of size k

=10.

graph. txt

o
[Q\

— O OO +HO OO OO OO o
O O O OO0 000 OoOo
O H O OO O dd O OO o oo
OO Hr1 OO ddOOOOoOooOo
O OO HdHddOOOOOoOooOo
OO HOHHOHOOOOOOOo
O O OO OO O0O o oo
O OO OO O HOOOoOOoOo
O OO dO OO OO o oo
O O OO dOOHOOOOoOo
OO OO OO0 OoOoHOAOOo
OO OO OO0 OoOooHd oo
OO OO OO0 OoOooHOoHA
OO OO OO0 OoOo+HOoAOo
OO OO OO0 OoOodAood
OO OO OO0 OoOodAoo
OO OO OO0 OoOo+HOoAOo
OO OO OO0 OoOooHOoHA
OO OO OO0 OoOooHd oo

OO OO OO0 OoOoHOAOOo
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0001111000000O0O0OO0GLOGOOO
0011001100000O0O0OO0ODO0COO®O
01100001100000O0O0OO0CDO0CO0CO
11000000110000O0O0O0O0O0CO
1000110001 000O0O0OO0ODOGOO®O

cover. txt
Vertex Cover (10): 11 12 13 14 15 16 17 18 19 20

Figure 7.15. The Folkman graph with a minimum vertex cover
(n=20,k=10).

7.16. The Dodecahedron [8]. We run the program on the graph of the Dodecahedron
with n = 20 vertices. The algorithm finds a minimum vertex cover of size k = 12.

graph. txt

20
01001000O0OO0C0O0OO0C1TO0OO0COOOCO
101000000001 000O0CO0O0CO0DO
01 010000010000O0OO0COO0OODO
00101001000000O0OO0CO0OO0OO0DO
10010100000000O0OO0CO0OOO
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000010100000O0OO0O1TO0O0O0CO0®O
00000101 0000OO0OO0OCO0OO0O1ITO0O0®O
000100101000O00O0O0OO0O0CO0O0
0000000101 0000O0CO0OO0O1ITO00
00100000101 O0O0O0OO0OO0COOOO
0 00000O0O0CO0C1TO01TO0O0O0OO0OO0GBOL1IPO
01000000O0O0O1TO01O0O0O0COOOO
00000000O0OO0CO1TO01I0O0O0OO0O0C1

1000000000001 01O0O0O0O0CO0

0000010000CO0OCO0OCO1TO01I000O0® O
0 00000O0O0CO0CO0COCOCOO0O1TO01O0O0TI1
0000001 00O0CO0OCOCOO0O1IO01IO0®0
000000001 00O0CO0OO0OO0CO1TO010

0o0000000O0O0C1IT000O0O0O0O1TO0T1

0 00000O0O0CO0COCOCO1TO0OO0O1TO0O0OL1PO0

cover. txt

2457 9 10 12 14 15 17 19 20

(12) :

Vertex Cover

Figure 7.16. The graph of the Dodecahedron with a minimum vertex cover

12).

(n=20,k

COPYRIGHT © 2006 ASHAY DHARWADKER

http://www.dharwadker.org/vertex_cover



33

THE VERTEX COVER ALGORITHM

=15.

7.17. The Tutte-Coxeter Graph [14]. We run the program on the Tutte-Coxeter graph

with n = 30 vertices. The algorithm finds a minimum vertex cover of size k

01 0000000O00O0O0O0O0O0OO0OO0OOO0OO0O1IO0O0O0OO0O0OO0O0T1
10100000100000000O0OO0CODOO0CODOOOOOOO
01010000000000O0O0OO0CODOO0COOO0ODOOLTOOOO
0010100000001 000O0O0O0OO0OO0OOO0OOO0OO0OO0O
0o0o010100000OO0O0O00O0O01O0O0OO0OO0OO0OO0OO0OO0O0OO0OO0O
0o0o001010000000000O0O0OO0OOO1IO0O0OO0O0OO0O0O
00000101000000O0OO0CODOO0COOO0ODOOOOT1IO0®O
00000010100000100000O0OO0C0DOO0CO0DOOO0O
0100000101 0000000O0CO0OO0COOO0O0OO0OO0OOO0OO0O
coooo0o00001010000O0O0DO010O0O0OO0OO0OO0OO0CO0OO0OOCO
000000000101 0000O0O0COO0OOOO01IO0O0O0O0O0O
0000000000101 0000O0OO00DOO0CODOO0ODOOTILO
000100000001 01000O0OO0C0ODOO0CODOO0ODOOOO
coooo0o00000O00OO01010000O0O1TO0O0OO0OO0OO0OO0OO0OO0O
00000001 000O001T01000O0O0O0OO0O0OO0OO0CO0OO0O0CO
0ooo0o000000OO0ODO0O0OO0O1TO0O1TO00O0OO0OODO0OO1TO0O0OO0OO0O
00000000O000DO0OO000O101000OO0O0DO0OO0O0O0OO0O0T1
00001000000DO0OO00ODO0OO0C1TO0O10O0O00DO0OO0OOO0OGO
cooo0oo000000O10O0O00O0CO0O0O1O01T00O0O00OO0OO0OO0O0CO
0ooo000000O0OO0ODO0OO0OOO0COODO0C1TIO01O0O0O0O0DO01IO0QO0O
0o0oo000000O0OO0ODO0OO0O1TO0O00OO0O1TO01I0O00OO0O0OO0OO0CO
10000000000000O0DO0OO0CODOO0CO1IO01TO0O00ODO0OO0O0GO
000001000000O00O0O0OO0CODOO0COO1O01I00O0OO0OO0GO
00000000001 000O0O0O0OBO0OO0OOODLTO0O1TO0O0O0O0OO0CO
0ooo0o00000O0OO0ODO0O0OOO0C1TO0O0O0OO0OO0OODO01IO01IO0O0O0O
0o0o100000O0OO0OO0O0OODO0COODO0COOOOOOLTO0O1O0O0O
00000000DO0OO00ODOO0COOO0COOO0OLTOOOOOLTO11IO0GO
000000100000O0C0O0O0OO0COOO0COOOOOOOLIO0OT1LIO
000000000001 O00O0OO0ODO0COOOODOOODOOTIO0OI1
100000000O00O0O0O0O0O0CO1TO0OO0OOODOOODOOOT11IO

graph. txt
cover. txt

30

1357 911 13 15 17 19 21 23 25 27 29

(15) :

Vertex Cover
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Figure 7.17. The Tutte-Coxeter graph with a minimum vertex cover
(n=30,k=15).
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graph. txt
cover. txt

34

12589 10 11 13 15 16 18 20 22 23 26 27 28 30 31
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Figure 7.18. The Thomassen graph with a minimum vertex cover
(n=34,k=20).

7.19. The Berge Graph [16]. This is the first benchmark graph with n = 60 vertices,
following a construction due to Claude Berge. Let G denote the graph of the
Dodecahedron and let H = K3 denote the graph of the Triangle i.e. the clique on three
vertices. The Berge graph G x H is defined as the graph whose set of vertices is V(G)
x V(H) with an edge connecting vertex (ui,vi) with vertex (u,,v,) if and only if either u; =
up and {vi, v} is an edge in H or vy = v, and {us, u,} is an edge in G. It is known that
the vertices of the Dodecahedron can be properly coloured with three colours. As a
consequence, the Berge graph should have a vertex cover with at most forty vertices.
Indeed, the algorithm finds a minimum vertex cover of size k = 40.

graph. txt
[download]

cover. txt
Vertex Cover (3): 1 3 4 5 8 9 10 12 13 14 17 18 19 21 23 24 25 27 28 29
31 33 35 36 37 39 41 42 43 44 46 48 49 50 53 54 55 56 59 60
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Figure 7.19. The Berge graph with a minimum vertex cover
(n=60,k=40).

7.20. The Witzel Graph [17]. This is the second benchmark graph with n = 450 vertices,
following a construction due to Klaus D. Witzel. Take thirty disjoint cliques on fifteen
vertices and connect random pairs of cliques by random edges. Shuffle the labels of the
vertices well so that the original cliques are hidden. Provided this is done carefully
without adding too many extra edges, such a graph should have a minimum vertex cover
with at most 420 vertices (all but one vertex from each original clique). Moreover, the
minimum vertex cover is well and truly hidden. Indeed, the algorithm finds a minimum

vertex cover of size k = 420.

graph. txt
[download]

cover. txt

Vertex Cover (420): 1 2
23 24 25 26 27 28 29 30
48 49 50 51 52 53 54 56
73 75 76 77 79 80 81 82
100 101 102 103 104 105

3467839
31 32 33 35
57 58 59 60
83 84 85 86
106 107 108

10 11 12 13
36 37 38 39
61 62 63 64
87 88 89 90
109 110 111

14 15 16 17
40 41 42 43
65 66 67 68
91 92 93 94
112 113 114
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216 217 218 219 220 221 222 223 224 225 226 228 229 230 231 232 233 234
235 236 237 238 239 240 241 243 244 245 246 247 248 249 250 251 252 253
254 255 256 257 258 259 260 261 262 263 264 265 266 267 269 270 271 272
273 274 275 276 277 278 279 281 282 283 284 285 286 287 288 289 290 291
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Figure 7.20. The Witzel graph ( scheme only ) with a minimum vertex cover
(n =450,k =420).
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