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Abstract

We present a new polynomitiime algorithm for finding minimal vertex covers in graphs. It is shown that
every graph withn vertices and maximum vertex degrf@enust have a minimum vertex cover of size at
mostn- &/(D+1)gand that this condition is the best possible in terms ahd D. The algorithm finds a
minimum vertex cover in all known examples of graphs. In view of the importance &f vkesusNP
gueston, we ask if there exists a graph for which the algorithm cannot find a minimum vertex cover. The
algorithm is demonstrated by finding minimum vertex covers for several famous graphs, including two
large benchmark graphs with hidden minimum vertex cowdes.implement the algorithm in C++ and
provide a demonstration program for Microsoft Windgdswnload].

e,
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THE VERTEX COVER ALGORITHM 2

1. Introduction

In 1972, Karp[1] introduced a list of twentpne NP-complete problems, one of which

was the problem of finding a minimum vertex cover in a gr&ten a graph, one must

find a smallest set of vertices such that every edge has at least one end vertex in the set.
Such a set of vertices is called a minimum vertex cover of the graph and in general can be
very difficult to find. For example, try to findh minimum vertex cover with seven
vertices in the Frucht grag8] shown below in Figure 1.1.

Figure 1.1.Find a vertex cover with seven versce

We present a new polynomiine VERTEX COVER ALGORITHM for finding minimal
vertex covers in graphs. In Section 2, we provide prepiseNITIONS of all the
terminology used. In Section 3, we present a formal description ofltheRrITHM
followed by a small example to show how the algorithm worksIsyegtep. In Section 4,
we show that the gbrithm has polynomiaiime COMPLEXITY . In Section 5, we give a
new condition ofSUFFICIENCY for a graph to have a minimum vertex cover of a aerta
size. We prove that every graph witlvertices and maximum vertex degi2enust have

a minimum vertex cover of size at mast &(D+1)gand that the algorithm will always
find a vertex cover of at most this size. Furthermore, we prove that this conditihe
best possible in terms afandD by explicitly constructing graphs for which the size of a
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minimum vertex cover is exactly- &(D+1)a For all known examples of graphs, the
algorithm finds a minimum vertex cover. In view of the importance ePthrersusNP
guestion[3], we ask:does there exist a graph for which this algorithm cannot find a
minimum vertex coverfh Section 6, we provide anPLEMENTATION of the algorithm

as a C++ programogether with demonstration software for Microsoft Windows. In
Section 7, we demonstrate the algorithm by finding minimum vertex covers for several
EXAMPLES of famous graphs, including two large benchingraphs with hidden
minimum vertex covers. In Section 8, we list tHisFERENCES.

2. Definitions

We begin with precise definitions of all the terminology and notation used in this
presentation, fitowing [4]. We use the usual notatiéito denote thdloor functioni.e.

the greatest integer not greater thxaand exgto denote theeiling functioni.e. the least
integer not less than

A simple graph Gwith n vertices consists of a setwadrticesV, with V| =n, and a set
of edgesE, such that each edge is an unordered pair of distinct vertices. Note that the
definition of G explicitly forbids loops (edges joining a vertex to itself) amdultiple
edges(many edges joining a pair of vertices), whence thé&esaust also be fite. We
maylabelthe verticesoGwi t h t he i nn letleaumosdered pair &f vertiées
{u, v} is an edge irG, we say thati is aneighborof v and writeuvi E. Neighborhood is
clearly a symmetric relationshipn E if and only if vul E. The degreeof a vertexv,
denoted byd(v), is the number of neighbors af The maximum degreever all vertices
of G is denoted by. Theadjacency matrixof G is ann® n matrix with the entry in rowu
and columnv equal to 1 ifuM E and equal to O otherwise. dlique Q of G is a set of
vertices such that every unordered pair of verticed is an edge. Aiindependent set S
of G is a set of vertices such that no unordered giavrertices inSis an edge. Arertex
cover Cof G is a set of vertices such that for every edge}{of G at least one ofi or v
is in C. Given a vertex coveC of G and a vertex in C, we say thav is removabléaf the
setC- {v} is still a vertex covenf G. Denote byr (C) thenumber of removable vertices
of a vertex coveC of G. A minimal vertex covehas no removable vertices.mMinimum
vertex covelis a vertex cover with the least number of vertices. Note that a minimum
vertex cover is always minirhbut not necessarily vice versa.

An algorithmis a problerrsolving method suitable for implementation as a computer
program. While designing algorithms we are typically faced with a number of different
approaches. For small problems, it hardly erativhich approach we use, as long as it is
one that solves the problem correctly. However, there are many problems for which the
only known algorithms take so long to compute the solution that they are practically
useless. Apolynomiattime algorithmis one whose number of computational steps is
always bounded by a polynomial function of the size of the input. Thus, a polynomial
time algorithm is one that is actually useful in practice. The class of all such problems
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that have polynomidaime algorithms igdlenoted byP. For some problems, there are no
known polynomiaitime algorithms but these problems do havendeterministic
polynomiattime algorithmstry all candidates for solutions simultaneously and for each
given candidate, verify whether it is a @t solution in polynomiafime. The class of

all such problems is denoted BNP. Clearly P I NP. On the other handthere are
problems that are known to beN#P and are such that any polynomimhe algorithm for
them can be transformed (in polynomiiahe) into a polynomiatime algorithm for every
problem in NP. Such problems are calledP-complete The problem of finding a
minimum vertex cover is known to idP-complete[1]. Thus, if we are able to show the
existence of a polynomigime algorithm tlat finds a minimum vertex cover in any
graph, we could prove th& = NP. The present algorithm is, so far as we know, a
promising candidate for the task. One of the greatest unresolved problems in mathematics
and computer science today is whetRerNP or P, NP [3].

3. Algorithm

We now present a formal description of the algorithm. This is followed by a small
example illustrating the steps of the algorithm. We start by defining two procedures.

3.1. Procedure.Given a simple grapls with n verticesand a vertex coveC of G, if C
has no removable vertices, outplit Else, for each removable vertexof C, find the
numberr (C-{v}) of removable vertices of the vertex cov@r{v}. Let vnax denote a
removable vertex such tha{C-{vmha¢) IS @ maximum andobtain the vertex cover
C- {vmax- Repeat until the vertex cover has no removable vertices.

3.2. Procedure Given a simple grap® with n vertices and a minimal vertex coverof
G, if there is no vertex in C such that has exactly one neighbaroutsde C, outputC.
Else, find a vertex in C such thaw has exactly one neighbaroutsideC. DefineC"" by
removingv from C and addingw to C. Perform procedure 3.1 d@"" and output the
resulting vertex cover.

3.3. Algorithm. Given as input a simplergphGwithnver ti ces | ahel ed
search for a vertex cover of size at msAt each stage, if the vertex cover obtained has
size at mosk, then stop.

1 Partl. Fori=1,2,..ninturn
o Initialize the vertex coveC; = V- {i}.
o Perform procedure 3.1 d.
o Forr=1,2,..n-kperform procedure 3.2 repeatetimes.
o The result is a minimal vertex covér.
1 Partll. For each pair of minimal vertex covels C; found in Part |
o Initialize the vertex coveg€; ; = CiCC;.
o Perform procedure 3.1 db ;.
o Forr=1,2,..n-kperform procedure 3.2 repeatetimes.
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o The result is a minimal vertex cover ;.

3.4. Example.We demonstrate the steps of the algorithm with a small example. The
input is the Frucht grapl2] shown below witm = 12 vertices labled

v={1,23,4,56,7,8,9, 10,11, 12}.

Figure 3.1.A small example to demonstrate the steps oflf@ithm
We search for a vertex cover of size at most7. Part | for = 1 andi = 2 yields vertex
coversC; andC, of size 8, so we give the details starting from 3. We initialize the
vertex cover as

Cs=V-{3}={1, 2, 4,5,6,7,8,9, 10, 11, 12}.

We now perform procedure 3.1. Here are the results in tabular form:
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Vertex CovelC;={1, 2,4,5,6,7, 8,9, 10, 11, 12}. Size: 11.

Removable vertex of C3 Removable vertices @3- {v} r(Cs-{v})
5,6,8,9,12
1,7,8,11,12
1,9, 11,12
5,9, 11,12
1,5,9,11
1,6,7,8,11
11 5,6,7,8,9,12
12 1,5,6,7,11

O 00 N[O O] -
galo| 0|~ Do O1

Maximumr (Cs- {V}) = 6 for v=11. Remove vertex 11 fro.

Vertex CoverC;={1, 2, 4, 5,67, 8,9, 10, 12}. Size: 10.

Removable vertex of C3 Removable vertices @3- {v} r(Cs-{v})
5 7,8,12
6 9,12

7 5,9, 12
8 59

9 6,7,8
12 56,7

W W N W|N W

Maximumr (Cs- {V}) = 3 for v=5. Remove vertex 5 froi@s.

Vertex CovelCs={1, 2, 4,6, 7, 8,9, 10, 12}. Size: 9.

Removable vertex of Cs Removable vertices @3- {v} r(Cs-{v})
7 12 1
8 None 0
12 7 1
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Maximumr (Cs- {V}) = 1 for v= 7. Remove vertex 7 froi@s.

Vertex CovelCs= {1, 2, 4, 6, 8, 9, 10, 12}. Size: 8.

Removabé vertexv of Cs Removable vertices @3- {v} r(Cs-{v})
12 None 0

Maximumr (Cs- {v}) = 0 for v=12. Remove vertex 12 fro.

We obtain a minimal vertex cover
C:={1,2,4,6, 8,9, 10}

of the requested size= 7 and the algorithm terminates.

4. Complexity

We shall now show that the algorithm terminates in polynotinia, by specifying a
polynomial of the number of verticesof the input graph, that is an upper bound on the
total number of computational steps performed by the algorithm.tNateve consider

1 checking whether a given pair of vertices is connected by an e@®jaird
1 comparing whether a given integer is less than another given integer

to beelementary computational steps

4.1. Proposition.Given a simple grap® with n vertices and a vertex cov€r procedure
3.1 takes at most steps.

Proof. Checking whether a particular vertex is removable takes atnhstps, since the
vertex has less thamneighbors and for each neighbor it takes less thsteps to check
wheter it is in the vertex cover. For a particular vertex cover, finding the numoger
removable vertices takes at mo3t nrf steps, since for each of the at mosertices in

the vertex cover we must check whether it is removable or not. For a particular vertex
cover, finding a vertex for which is maximum then takes at ma$t= nn® steps, since

the vertex cover has at masvertices. Procedure 3.1 terminates when at maesttices

are removed, so it takes a total of at mBstnn*s t e ps . |

4.2. Proposition.Given a simple grapf® with n vertices and a minimal vertex cover
procedure 3.2 takes at m@s#n®+1 steps.
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Proof. To find a vertew in C that has exactly one neighbwroutsideC takes at most®

steps, since there are less timarertices inC and we must find out if at least one of the

less tham neighbors of anguch vertex are outsid If such a vertex has been found,

it takes one step to exchangandw. Thereafter, by proposition 4.1, it takes at most

steps to perform procedure 3.1 on the resulting vertex cover. Thus, procedure 3.2 takes at
mostn’+1+°st eps. |

4.3. Proposition.Given a simple grap® with n vertices, part | of the algorithm takes at
mostn’+n°+n*+n? steps.

Proof. At each turn, procedure 3.1 takes at mwsisteps by proposition 4.1. Then
procedure 3.2 is performed at madtmes, sncek can be at most. This, by proposition
4.2, takes at mosi(n>+n*+1) = n®+n*+n steps. So, at each turn, at mo#n°+n>+n steps
are executed. There ameturns for i = 1, 2, ...,n, so part | performs a total of at most
n(n°+n®+n®+n) = n®+n’"+n*+n® steps]

4.4. Proposition.Given a simple grap with n vertices, the algorithm takes less than
n+2n"+n+n>+n*+n+n’ steps to terminate.

Proof. There are less thanf distinct pairs of minimal vertex covers found by part |, that

are treated in turn. Similamtthe proof of proposition 4.3, part Il takes less than
n?(n>+n®+n°+n) = n"+n®+n>+n°. Hence, part | and part Il together take less than a grand

total of O’+n°+n*+n?)+(®+n"+n°+n%) = p*+2n"+nf+rP+n*+n®n’s t eps t o ter mi nat e

4.5. Remark.These are pessistic upper bounds for the worst possible cases. The actual
number of steps taken by the algorithm to terminate will depend onnbatial k. For
larger values ok, the algorithm terminates much faster. In almost all of the examples in
section 7, one omto steps of part | already find a minimum vertex cover. Only the
second benchmark, Witzel's graph 7.20, requires part Il of the algorithm to find a
minimum vertex cover.

5. Sufficiency

The algorithm may be applied to any simple graph and will alwagmirtate in
polynomiattime, finding many minimal vertex covers. The propositions below establish
sufficient conditions on the input graph which guarantee that the algorithm will find
minimal vertex covers of a certain size. Specifically, we prove thay eyraph withn
vertices and maximum vertex degrPemust have a minimum vertex cover of size at
mostn- ®/(D+1)gand that the algorithm will always find a vertex cover of at most this
size. Furthermore, we prove that this condition is the best possible in temasidD by
explicitly constructing graph&r which the size of a minimum vertex cover is exactly
n- &/(D+1)a The proofs use two fundamental axioms: Euclid's Division Ler@hand

the Pigeonhole Principlé].
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Euclid's Division Lemma. Given a positive integem and any integen, there exist
unique integerg andr with 0 ¢ r <msuch thah = gmtr.

Pigeonhole Principle. If | letters are distributed intg pigeonholes, then some
pigeonhole receives at leadipg letters and someigeonhole receives at moét/pu
letters.

5.1. Proposition.Given a simple grap@® with n vertices and an initial vertex cover At
each stage oprocedure 3.1, if the vertex cov@rhasl vertices and the maximum degree
among the vertices outsidgis less thard/(n- 1)g then procedure 3.1 produces a strictly
smaller vertex cover.

Proof. By contradiction. Suppose the vertex coeeiis minimal. Then there are no
removable vertices and every vertexdmust have a neighbor outsi@e Thus there are
atleastl edges (letters) with one end vertexdrand the other end vertex outsi@ethere
being exactlyp = n- | vertices outsid€ (pigeonholes). By the pigeonhole principle, some
vertex outsideC must receive at least/pg edges contradicting the hypetlis that the
maximum degree among the vertices out§lde less thadl/pa 1

5.2. Proposition.Given a vertex coveC of G, procedure 3.1 always produces a minimal
vertex cover of.

Proof. Procedure 3.1 terminates only when there are no removablieeserBy
definition, the resulting vertex cover must

5.3. Proposition.Given a simple grapks with n vertices and an initial minimal vertex
coverC. If the minimal vertex cove€ hasm vertices and the maximum degree among
the vertices outde C is less tham2m/(n- m)g then there exists a vertgxin C such thav

has exactly one neighbaroutsideC and procedure 3.2 produces a minimal vertex cover
different fromC and of size less than or equal to the siz€.of

Proof. By contradictionNote that sinceC is minimal, there are no removable vertices
and every vertex i€ has at least one neighbor outs@@eSuppose every vertex @ has
more than one neighbor outsi@e Then there are at ledst 2m edges (letters) with one
end vertex inC and the other end vertex outsi@gethere being exactly = n- m vertices
outsideC (pigeonholes). By the pigeonhole principle, some vertex ou@&itest receive

at leastd/pg edges contradicting the hypothesis that the maximum degree among the
vertices outsideC is less thard/pa Thus, there exists a vertexin C such thatv has
exactly one neighbaw outsideC. Now since procedure 3.2 exchangendw, a vertex
cover different fronC but of the same size &is created. Note that in the process some
vertices of the vertex cover might have become removabkn, Tgrocedure 3.2 applies
procedure 3.1 that produces a minimal vertex cover different@amd of size less than
or equal to the size @. 1

5.4. Proposition.Given a simple grap@ with n vertices and maximum vertex degi@e
the algorithm always finds a minimal vertex cover of size at mos¥(D+1)a
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Proof. Consider any one turn of part | in the algorithm. Afterertices have been
removed from a total oh, the vertex coveC hasl = n-t vertices and the maximum
degree among the vertices outsfdés certainly less than or equal Bb By proposition

5.1, if D is less thand/(n- )@= &n-t)/(n- (n-t))@= &n- t)/te= gn/t)- 14 then a Bictly
smaller vertex cover is produced by the removal of a vertex. Hence, as loiglass
thané/(D+1)g a vertex can still be removed and procedure 1 continues. Thus, at least
en/(D+1)g are removed, leaving a vertex cover of size at mes®/(D+1l)@a By
propositions 5.1, 5.2 and 5.3, all of the vertex covers produced by the algorithm are
minimal and of size at most- ®(D+L)a |

5.5. Proposition.A simple graphG with n vertices and maximum vertex degfeéas a
minimal vertex cover of size ataostn- &(D+1)a

Proof. By proposition 5.4, the algorithm finds a minimal vertex cover of size at most
n- &(D+a |

5.6. Proposition.Given any positive integersandD such that 6 Dn, tkere exists a
graph G with maximum vertex degre®® and a miimum vertex cover of size
n- &/(D+1)a For any such graph the algorithm always finds a minimum vertex cover.

Proof. Let n = gq(D+1)+ with O ¢ r < +D by Euclid's division lemma. There are two
cases.

1 Casel. Suppose& = 0. DefineG to be the graph consisg of g disjoint cliques
Qy, ...,Qq with D+1 vertices each. Theais a graph with maximum vertex degree
D. SUppos&minimumiS @ minimum vertex cover @. ThenCpinimumMmust contain
all but one vertex from each clique, i.e. the siz€@fimummust beat leastgD. On
the other hand, by proposition 5.4, the algorithm finds a minimal vertex €ver
of size at mosh- &/(D+1)g= q(D+1)- §D+1) /(D+1)e= q(D+1)-q = gD. Thus,
the size ofC andCpinimummust be the same, i &/(D+1)a

1 Case2. Suppose is positive. DefineG to be the graph consisting gfdisjoint
cliquesQ;, ...Qq with D+1 vertices each and a disjoint cligRewith r vertices.
Then G is a graph with maximum vertex degr& SupposeCninimum IS @
minimum vertex cover ofs. ThenCpinimum must contain all but one vertex from
each clique, i.e. the size Ghnmummust be at leagiD+r- 1. On the other hand,
by proposition 5.4, the algorithm finds a minimal vertex cdvef size at most
n- @/(D+l)g= q(D+1)+- @D+1)+ )/(D+l)e= q(D+1)+H-g- E(D+1l)eg=
gbD+g+r- g- 1 =qD+r- 1, using the fact tha /(D+1)g= 1 since 6<r < +D. Thus,
the size ofC andCpinimummust be the same, i &(D+L)a |

5.7. Question.For all known examples of graphs, the algorithm finds a minimum vertex
cover. Inview of the importance of the versusNP question[3], we askdoes there exist
a graph for which this algorithm cannot find a minimum vertex cover?
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6. Implementation

We demonstrate the algorithm with a C++ program following the styl€/lofThe
denonstration program packageownload] contains a detailed help file and section 7
gives several examples of input/output files for the program.

=10l x|

Input File  Output File  Vizualizer Examplez  Help

DEMONSTRATION PROGRAM

THE VERTEX COVER ALGORITHM
File Edt Seach Help
18 -

[~~~ R~ -]
o =—-no=-nooo
- Do I o m I =
=D omoD=--noom=-o
oo m = -n o - o

oo m =-m=Snm = m
oo = oo o = =t
o =m oD@ @ =m -
= nomoDo=-o=-no

1

E o= -snom-=-oon o

b

File Edit Search Help

1. Uertex Cover (6): 2 4
2. Uertex Cover (6): 1 3

EE

Y
S

k= |6 Find wertex covers of zize at most k

Figure 6.1.Demonstration program for Microsoft Windoysmwnload]
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vertex_cover.cpp
#include <iostream>
#include <fstream>
#include <string>
#include <vector>

using namespace  std;

bool removable(vector< int > neighbor, vector< int > cover);
int  max_removable(vector<vector< int > > neighbors, vector< int >co ver);
vector< int > procedure_l(vector<vector< int > > neighbors, vector< int >
cover);
vector< int > procedure_2(vector<vector< int > > neighbors, vector< int >
cover, int Kk);
int cover_size(vector< int > cover);
ifstream infile ( "graph.txt" );
ofstream outfile ( "c overs.txt" );
int  main()
{
/IRead Graph
cout<< "Vertex Cover Algorithm." <<endl;
int n,ijk p,q,r s, min, edge, counter= 0;
infile>>n;
vector< vector< int > > graph;
for (i= 0;i<n;i++)
{

vector< int > row;
for (j= 0;j<n;j++)

infile>>edge;
row.push_back(edge);

graph.push_back(row);

}
/I[Find Neighbors
vector<vector< int > > neighbors;
for (i= O; i<graph.size(); i++)
{
vector< int > neighbor;
for (j= 0; j<graphli].size(); j++)

if (graph[i][j]== 1) neighbor.pu sh_back(j);
neighbors.push_back(neighbor);

}

cout<< "Graph hasn=" <<n<<" vertices." <<endl;

/IRead minimum size of Vertex Cover wanted
cout<< "Find a Vertex Cover of size at most k =" ;
cin>>k;

/IFind Vertex Covers

bool found= false ;

cout< <"Finding Vertex Covers..." <<endl;
min=n+ 1;

vector<vector< int > > covers;

vector< int > allcover;

for (i= 0; i<graph.size(); i++)
allcover.push_back( 1);
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for (i= 0;i<allcover.size(); i++)
{
if (found) break ;
counter++; cout<<counter<< """,  out file<<counter<< P
vector< int > cover=allcover;
cover[il= O;
cover=procedure_1(neighbors,cover);
s=cover_size(cover);
if (s<min) min=s;
if (s<=k)
{
outfilec<  "Vertex Cover (" <<s<<"): "
for (j= O; j<cover.size(); j++) if (cover[jl== 1) outfile<<j+ I<<""
outfile<<endl;
cout<< "Vertex Cover Size: " <<s<<endl;
covers.push_back(cover);
found= true ;
break ;

for (j= O;j<n -Kk;j++)
cover=procedure_2(neighbors,cover,j);
s=cover_size(cover);

if (s<min) min=s;

outfile<<  "Vertex Cover (" <<s<<"): "

for (j= O; j<cover.size(); j++) if (cover[j]== 1) outfile<<j+ <<t g
outfile<<endl;

cout<< "Vertex Cover Size: " <<s<<endl;

covers.push_back(cover);
if (s<=k){ found= true ; break ;}
}
/[Pairwise Unions
for (p= 0; p<covers.size(); p++)

{
if (found) break ;
for (g=p+ 1; g<covers.size(); g++)

if (found) break ;

counter++; cout<<counter<< "." ; outfile<<counter<< "ty
vector< int > cover=allcover;

for (r= 0; r<cover.size(); r++)

if (covers[p][r == 0 && covers[q][r]== 0) cover]r]= 0;
cover=procedure_1(neighbors,cover);

s=cover_size(cover);

if (s<min) min=s;

if (s<=k)

{

outfile<<  "Vertex Cover (" <<s<<"): "

for (j= 0; j<cover.size(); j++) if (cover[j]== 1) outfile<<j+ I<<""
outfile<<endl;

cout<< "Vertex Cover Size: " <<s<<end|;

found= true ;

break ;

}

for (= 0;j<k; j++)
cover=procedure_2(neighbors,cover,j);
s=cover_size(cover);

if (s<min) min=s;
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outfilec<  "Vertex Cover (" <<s<<"): "

for (j= 0; j<cover.size(); j++) if (cover[j]== 1) outfile<<j+
outfile<<endl;

cout<< "Vertex Cover Size: " <<s<<end!;

if (s<=k){ found= true ; break ;}

if (found) cout<< "Found Vertex Cover of size at most " <<k<<""

else cout<< "Coul d not find Vertex Cover of size at most
"<<ks<" " <<endl

<<"Minimum Vertex Cover size found is " <<min<< " <<endl;
cout<< "See cover.txt for results."” <<endl;

system( "PAUSE");

return 0;

}

bool removable(vector< int > neighbor, vector< int > cover)

bool check= true ;
for (int i= 0;i<neighbor.size(); i++)
if (cover[neighborli]]== 0)

check= false ;
break ;

return check;

}

<<

int max_removable(vector<vector< int > > neighbors, vector< int > cover)

{
int r=-1, max= -1;
for (int i= 0;i<cover.size 0; i++)

if (cover[i]== 1 && removable(neighbors]i],cover)== true )

vector< int >temp_cover=cover;
temp_cover[i]= 0;
int  sum=0;
for (int j= 0; j<temp_cover.size(); j++)
if (temp_cover[j]== 1 && removable(neighbors|j], temp_cover)==
sum++;
if (sum>max)
{
max=sum;
r=i;
}
}
}

return I

}

vector< int > procedure_1(vector<vector< int > > neighbors, vector<
cover)

{

vector< int >temp_cover=cover,
int r=0;
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while (rl= -1)
{
r= max_removable(neigh bors,temp_cover);
if (r'= -1)temp_cover[r]= 0;
}
return  temp_cover;
}
vector< int > procedure_2(vector<vector< int > > neighbors, vector< int >
cover, int k)
{

int count= O;
vector< int >temp_cover=cover;

int i=0;
for (int i= 0; i<temp_cover.size(); i++)
if (temp_cover[i]== 1)

int  sum=0, index;
for (int j= 0; j<neighbors[i].size(); j++)

if (temp_cover[neighbors]i][j]]== 0) {index=j; sum++;}
if (sum==1 && cover[neighbors[i][index]]== 0)

{

temp_cover[neighbors[i][index]]= 1;

temp_cover[i]= 0;
temp_cover=procedure_1(neighbors,temp_cover);

count++;

if (count>k) break ;

}
}
return  temp_cover;
}
int cover_size(vector< int > cover)
{
int  count= 0;
for (int i= 0; i<cover.size(); i++)
if (cover[i]== 1) count++;
return  count;
}

Figure 6.2.C++ program for the vertex cover algorithfdownload]

7. Examples

We demonstrate the algorithm by running the program on several fanams gnd two
large benchmark graphs with hidden minimum vertex covers. In each case, the algorithm

finds a minimum vertex cover in polynomidine.
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7.1. The Tetrahedron[8]. We run the program on the graph of the Tetrahedronmsth
4 vertices. The algdahm finds a minimum vertex cover of sike= 3.

graph.txt
4
0111
1011
1101
1110

cover.txt
Vertex Cover (3): 134

Figure 7.1 The graph of the Tetrahedron with a minimum vertex cover
(n=4,k=3).

7.2. The Kuratowski Bipartite Graph K3, 3[9]. We run the program on the Kuratowski
bipartite graplKs 3 with n = 6 vertices. The algorithm finds a minimum vertex cover of
sizek = 3.

graph.txt

COPYRIGHT& 2006 ASHAY DHARWADKER
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6

000111
000111
000111
111000
111000
111000

cover.txt
Vertex Cover (3): 456

Figure 7.2. The Kuratowski graph K3 with a minimum vertex cover
(n=6,k=3).

7.3. The Octahedron[8]. We run the program on the graph of the Octahedronmtl®
vertices. The algorithm finds a minimum vertex cover of kized.

graph.txt

6

0110 11
101101
110110
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011011
101101
110110

cover.txt
Vertex Cover (4): 2356

Figure 7.3.The graph of the Octahezh with a minimum vertex cover
(n=6,k=4).

7.4. The BondyMurty Graph G; [4]. We run the program on the Bonrdjurty graph
Gy with n = 7 vertices. The algorithm finds a minimum vertex cover oflsizd.

graph.txt

=
0110110
1011010
1101100
0110001
1010001
1100001
0001110
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cover.txt
Vertex Cover (4): 1237

Figure 7.4.The BondyMurty graphG; with a minimum vertex cover
(n=7,k=4).

7.5. The Wheel GraphWsg[4]. We run the program on the Wheel graphiwith n = 8
vertices. The algorithm finds a minimum vertex cover of kizeb.

graph.txt

8
01000011
10100001
01010001
00101001
00010101
00001011
10000101
11111110

cover.txt
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Vertex Cover (5): 23578

Figure 7.5.The Wheel graph YWith a minimum vertex cover
(n=8,k=5).

7.6. The Cub€[8]. We run the program on the graph of the Cube with8 vertices. The
algorithm finds a minimum vertex cover of sike 4.

graph.txt

8
01010100
10100010
01010001
10101000
00010101
10001010
01000101
00101010

cover.txt
Vertex Cover (4): 2468
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Figure 7.6.The graph of the Cube with a minimum vertex cover
(n=8,k=4).

7.7. The Petersen GrapH10]. We run the program on the Petersen graph with10
vertices. The algorithm finds a minimum vertex cover of kize5.

graph.txt

10
0100101000
1010000100
0101000010
0010100001
1001010000
0000100110
1000000011
0100010001
0010011000
0001001100

cover.txt
Vertex Cover (6): 2 4 5789
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Figure 7.7.The Petersen graph with a minimum vertex cover
(n=10,k=6).

7.8. The BondyMurty graph G;[4]. We run the program one&hBondyMurty graphG;
with n = 11 vertices. The algorithm finds a minimum vertex cover oflsiz&.

graph.txt

11
00111101111
00111101111
11010010000
11100010000
11000110000
110010100
00111101111
11000010100
11000011000
11000010001
11000010010

cover.txt

00
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Vertex Cover (8): 3456891011
Vertex Cover (8): 34568910 11
Vertex Cover (7): 12457910

Figure 7.8. The BondyMurty graph G with a minimum vertex cover
(n=11,k=7).

7.9. The Grotzsch Graph[11]. We run the program on the Grotzsch drapthn =11
vertices. The algorithm finds a minimum vertex cover of kize5.

graph.txt

11
01111100000
10000010100
10000001010
10000000101
10000010010
10000001001
01001001
00100110100
01010001010
00101000101
00010110010

001
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cover.txt
Vertex Cover (6): 1 7891011

Figure 7.9.The Grotzsch graph with a minimum vertex cover
(n=11,k=6).

7.10. The Herschel Graph12]. We run the program on the Herschel graph with11
vertices. The algorithm finds a minimum vertex cover of kizeb.

graph.txt

11

01011 010000
10100001000
01010000100
10100000010
10000100010
00001010001
10000101000
01000010101
00100001010
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00011000101
00000101010

cover.txt
Vertex Cover (6): 2457911
Vertex Cover (5): 1368 10

Figure 7.10.The Herschel graph with a minimum vertex cover
(n=11,k=5).

7.11. The Icosahedrorn8]. We run the program on the graph of the Icosahedronnwith
12 vertices. The algorithm finds a minimum vertex cover oflsz®.

graph.txt

12

011001110000
101111000000
11010001100 0
011010001100
010101000110
110010100010
100001010011
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101000101001
001100010101
000110001011
000011100101
000000111110

cover.txt
Vertex Cover(9):12356791012

Figure 7.11.The graph of the Icosahedron with a minimum vertex cover
(n=12,k=9).

7.12. The BondyMurty graph Gs[4]. We run the program on the Bonturty graph
Gz with n = 14 vertices. The algorithm finds a minimum vertex cover oflsiz&.

graph.txt

14

00010001000100
00100010001000
01010000000001
10101 000000000
00010100010000
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00001010000010
01000101000000
10000010100000
00000001010001
00001000101000
01000000010100
10000000001010
00000100000101
00100000100010

cover.txt
Vertex Cover (7): 246 81012 14

Figure 7.12.The BondyMurty graphGs with a minimum vertex cover
(n=14,k=7).

7.13. The BondyMurty graph G4 [4]. We run the program on the Bon®urty graph
G4 with n = 16 vertices. The algorithm finds a minimum vertex cover oflsizé&.

graph.txt
16
00000100000010 00

COPYRIGHT& 2006 ASHAY DHARWADKER
http://wwwdharwadker.orfyertex_cover



THE VERTEX COVER ALGORITHM

0000001001000000
0000010000001000
0000000000100000
0000000100000000O0
1010000000100000
0100000010000000
0000100000010100
000000 1000000010
0100000000000010
0001010000000000
00000001000000O0O
1010000000000000
0000000100000000
0000000011000001
00000000000C0OOO01 0

cover.txt
Vertex Cover (7):26 78 11 13 15

Figure 7.13.The BondyMurty graphG, with a minimum vertex cover
(n=16,k=7).
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7.14. The Ramsey GraphR(4,4) [6]. We run the program on the Ramsey gr&ith,4)
with n= 17 vertices. The algorithm finds a minimum vertex cover oflsizd4.

graph.txt

17

01101000110001011
10110100011000101
1101101 0001100010
01101101000110001
10110110100011000
01011011010001100
00101101101000110
00010110110100011
10001011011010001
110001011 01101000
01100010110110100
00110001011011010
00011000101101101
10001100010110110
01000110001011011
10100011000101101
11010001100 010110

cover.txt
Vertex Cover (14):2345689101112141516 17
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Figure 7.14.The Ramsey graph(4)with a minimum vertex cover
(n=17,k=14).

7.15. The Folkman Graph[13]. We run the program on the Folkman graph wath 20
vertices. The algorithm finds a minimum vertex cover of kizel0.

graph.txt

20

00000000001010000011
0000000000CO1O0 1000110

00000000O0O0OOO10101100
00000000O0O0O1001011000
00000000000100110001
00000000000100110001
00000000001001011000
000000000000O1012 01100
0000000O0O0OOO101000110
000000000010100000112
10010010010000000000
01001100100000000000
10100001010000000000
01010010100000000000
00101101000000000000

COPYRIGHT& 2006 ASHAY DHARWADKER
http://wwwdharwadker.orfyertex_cover



THE VERTEX COVER ALGORITHM 31

00011110000000000000
00110011000000000000
01100001100000000000
11000000110000000000
100 01100010000000000

cover.txt
Vertex Cover (10): 11 121314 1516 17 18 19 20

Figure 7.15.The Folkman graph with a minimurertex cover
(n=20,k=10).

7.16. The Dodecahedrorf8]. We run the program on the graph of the Dodecahedron
with n = 20 vertices. The algorithm finds a minimum vertex cover oflsizé2.

graph.txt

20
01001000000001000000
101 00000000100000000O0
01010000010000000000
00101001000000000000
10010100000000000000
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00001010000000100000
00000101000000001000
00010010 100000000000
00000001010000000100
00100000101000000000
0000000O0O0O10100000010
01000000001010000000
00000000000101000001
1000000000001 0100000
00000100000001010000
00000000O0O0O0O0OOCO101001
00000010000000010100
00000000100000001010
00000000001000000101
0000000O0OOOOO100100 10

cover.txt
Vertex Cover (12): 24579101214 151719 20

32

Figure 7.16.The graph of the Dodecahedron with a minimum vertex cover

(n=20,k=12).
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7.17. The TutteCoxeter Graph [14]. We run the program on the Tui@oxeter graph
with n = 30 vertices. The algorithm finds a minimum vertex cover oflsizd5.

graph.txt

30

010000000000000000000100000001
101000001000000000000000000000
010100000000000000000000010000
001010000000100000000000000000
000101000000000001000000000000

00001 0100000000000000010000000O0
000001010000000000000000000100
000000101000001000000000000000
010000010100000000000000000000
0000000010 10000000100000000000
000000000101000000000001000000
000000000010100000000000000010
000100000001010000000000000000
00000000000010 1000001000000000
000000010000010100000000000000
000000000000001010000000100000
000000000000000101000000000001
000010000000000010 100000000000
000000000100000001010000000000
000000000000000000101000001000
000000000000010000010100000000
1000000000000000000010 10000000
000001000000000000000101000000
000000000010000000000010100000
000000000000000100000001010000
0010000000000000000000O0QO1O0 1000
000000000000000O00O00O0O0O10000010100
0000001000000000000000000O00O1010
000000000001000000000000000101
100000000000000010000000000010

cover.txt
Vertex Cover (15): 1357911131517 19 21 23 25 27 29
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Figure 7.17.The TutteCoxeter graph with a minimum vertex cover
(n=30,k=15).
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7.18. The Thomassen Graplil5]. We run the program on the Thomassen graph mwith
= 34 vertices. The algorithm finds a minimum vertex cover oflsiz0.

graph.txt

34

0011010000000000000000000000000000
0001100000000100000000000000000000
1000100000000010000000000000000000
1100000000000001000000000000000000
01100000000000001000000 000000000O0O
1000000110000000000000000000000000
0000000011001000000000000000000000
0000010001010000000000000000000000
000001100010 00000000000O0O00O0O00OOOQOOQOOO
0000001100000000000000010000000000
0000000010010000000000010000000000
0000000100101000000000000000000000
0000001000010100000000000000000000
0100000000001010000000000000000000
0010000000000101000000000000000000
00010000000000101000000 000000000OOO
0000100000000001010000000100000000
0000000000000000101000000010000000
00000000000000000O010100000001000000
00000000000 00000001010000000100000
0000000000000000000101000000000001
000000000000000O0O00O0OOO10100000000010
0000000000000000000O0OO1010000000100
0000000001100000000000100000001000
000000000000000O0OO0OOOOOOOOO11010000
0000000000000000100000000001100000
0000000000000O0O00OOO10000 001000100000
0000000000000000001000001100000000
000000000000000000O0100000110000000
00000000000000000O0O0OO0OO0O1000000110
0000000000 0000000000000100000000121
0000000000000000000000100000010001
000000000000000O0O00O0OOOO1000000011000
000000000000000O00O00O0OOO100000000Q00O110 0

cover.txt
Vertex Cover (20): 1258910 11 13 15 16 18 20 22 23 26 27 28 30 31
34
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Figure 7.18.The Thomassen graph with a minimum vedever
(n=34,k=20).

7.19. The Berge Graph[16]. This is the first benchmark graph with= 60 vertices,
following a construction due to Claude Berge. L®t denote the graph of the
Dodecahedron and Iét = K3 denote the graph of the Triangle i.eetclique on three
vertices. TheBerge graphG 2 H is defined as the graph whose set of verticeg(®)

3 V(H) with an edge connecting vertex (/1) with vertex (i;,v,) if and only if either; =

ux and {vi, v} is an edge irH or v; = v, and {us, Uy} is an edge irs. It is known that

the vertices of the Dodecahedron can be properly coloured with three colours. As a
consequence, the Berge graph should have a vertex cover with at most forty vertices.
Indeed, the algorithm finds a minimum vertex covesinék = 40.

graph.txt
[download]

cover.txt
Vertex Cover (3): 1345891012 131417 1819 21 23 24 25 27 28 29
31333536 37394142 43 44 46 48 49 50 53 54 55 56 59 60
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Figure 7.19.The Berge graph with a minimum vertex cover
(n=60,k=40).

7.20. The Witzel Graph[17]. This is the second benchmark graph with 450 vertics,
following a construction due to Klaus D. Witzel. Take thirty disjoint cliques on fifteen
vertices and connect random pairs of cliques by random edges. Shuffle the labels of the
vertices well so that the original cliques are hidden. Provided this is ckmedully
without adding too many extra edges, such a graph should have a minimum vertex cover
with at most 420 vertices (all but one vertex from each original clique). Moreover, the
minimum vertex cover is well and truly hidden. Indeed, the algorithasfan minimum

vertex cover of siz& = 420.

graph.txt

[download]

cover.txt

Vertex Cover (420):123467891011121314151617 18202122
2324252627 28293031323335 36 37 383940 41 42 43 44 45 46 47

48 49 50 51 52 53 54 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72
73757677 798081 82 83 84 8586 87 88 899091 92 93 94 95 96 98 99
100 101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 117
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