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Abstract

We present a new polynomial-time algorithm for finding proper m-colorings of the vertices of a graph. We
prove that every graph with n vertices and maximum vertex degree A must have chromatic number y(G)
less than or equal to A+1 and that the algorithm will always find a proper m-coloring of the vertices of G
with m less than or equal to A+1. Furthermore, we prove that this condition is the best possible in terms of n
and A by explicitly constructing graphs for which the chromatic number is exactly A+1. In the special case
when G is a connected simple graph and is neither an odd cycle nor a complete graph, we show that the
algorithm will always find a proper m-coloring of the vertices of G with m less than or equal to A. In the
process, we obtain a new constructive proof of Brooks' famous theorem of 1941. For all known examples
of graphs, the algorithm finds a proper m-coloring of the vertices of the graph G for m equal to the
chromatic number y(G). In view of the importance of the P versus NP question, we ask: does there exist a
graph G for which this algorithm cannot find a proper m-coloring of the vertices of G with m equal to the
chromatic number x(G)? The algorithm is demonstrated with several examples of famous graphs, including
a proper four-coloring of the map of India and two large Mycielski benchmark graphs with hidden
minimum vertex colorings. We implement the algorithm in C++ and provide a demonstration program for
Microsoft Windows
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1. Introduction

In 1972, Karp introduced a list of twenty-one NP-complete problems, one of which
was the problem of trying to find a proper m-coloring of the vertices of a graph, where m
is a fixed integer greater than 2. Given a graph and a set of m colors, one must find out if
it is possible to assign a color to each vertex such that no two adjacent vertices are
assigned the same color. Such an assignment is called a proper m-coloring of the vertices
of a graph. Even if such a coloring exists, it can be very difficult to find in general. For
example, try to find a proper 3-coloring of the vertices of the Frucht graph shown
below in Figure 1.1.

Figure 1.1. Find a proper 3-coloring of the vertices

We present a new polynomial-time for finding proper
m-colorings of the vertices of a graph. In Section 2, we provide precise of
all the terminology used. In Section 3, we present a formal description of the

followed by a small example to show how the algorithm works step-by-
step. In Section 4, we show that the algorithm has polynomial-time . In
Section 5, we establish conditions of for a graph to have a proper m-
coloring. We prove that every graph with n vertices and maximum vertex degree A must
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have chromatic number y(G) less than or equal to A+1 and that the algorithm will always
find a proper m-coloring of the vertices of G with m less than or equal to A+1.
Furthermore, we prove that this condition is the best possible in terms of n and A by
explicitly constructing graphs for which the chromatic number is exactly A+1. In the
special case when G is a connected simple graph and is neither an odd cycle nor a
complete graph, we show that the algorithm will always find a proper m-coloring of the
vertices of G with m less than or equal to A. In the process, we obtain a new constructive
proof of Brooks' famous theorem of 1941. For all known examples of graphs, the
algorithm finds a proper m-coloring of the vertices of the graph G for m equal to the
chromatic number y(G). In view of the importance of the P versus NP question [3], we
ask: does there exist a graph G for which this algorithm cannot find a proper m-coloring
of the vertices of G with m equal to the chromatic number x(G)? In Section 6, we provide
an of the algorithm as a C++ program, together with demonstration
software for Microsoft Windows. In Section 7, we demonstrate the algorithm with several

of famous graphs, including a proper four-coloring of the map of India and
two large Mycielski benchmark graphs with hidden minimum vertex colorings. In
Section 8, we list the

2. Definitions

We begin with precise definitions of all the terminology and notation used in this
presentation, following [4]. We use the usual notation | x] to denote the floor function i.e.
the greatest integer not greater than x and [ x| to denote the ceiling function i.e. the least
integer not less than x.

A simple graph G with n vertices consists of a set of vertices V, with [V| =n, and a
set of edges E, such that each edge is an unordered pair of distinct vertices. Note that the
definition of G explicitly forbids loops (edges joining a vertex to itself) and multiple
edges (many edges joining a pair of vertices), whence the set E must also be finite. We
may label the vertices of G with the integers 1, 2, ..., n. If the unordered pair of vertices
{u, v} is an edge in G, we say that u is a neighbor of v (or u is adjacent to v) and write
uveE. Neighborhood is clearly a symmetric relationship: uveE if and only if vueE. The
degree of a vertex v, denoted by d(v), is the number of neighbors of v. The maximum
degree over all vertices of G is denoted by A. The adjacency matrix of G is an nxn matrix
with the entry in row u and column v equal to 1 if uveE and equal to O otherwise. Given
graphs G and H, the Cartesian product GxH is defined as the graph whose set of vertices
is V(G)xV(H) with an edge connecting vertex (ui,v1) with vertex (up,Vv2) if and only if
either u; = u, and {vy, vo} isanedge in H or vy = v, and {uy, u,} is an edge in G. A clique
Q of a graph G is a subset of vertices such that every unordered pair of vertices in Q is an
edge. If all the vertices of a graph form a clique then the graph is said to be complete. A
complete graph with m vertices is denoted by Ky,. An independent set S of a graph G is a
set of vertices such that no unordered pair of vertices in S is an edge. Given an
independent set S of G and a vertex v outside S, we say that v is adjoinable if the set
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SU{v} is still an independent set of G. Denote by p(S) the number of adjoinable vertices
of an independent set S of G. A maximal independent set has no adjoinable vertices. A
maximum independent set is an independent set with the largest number of vertices. Note
that a maximum independent set is always maximal but not necessarily vice versa. Given
a set of m colors {1, 2, ..., m}, a proper m-coloring of the vertices of a graph G is an
assignment of a unique color to each vertex of G such that no two adjacent vertices are
assigned the same color. The chromatic number y(G) of a graph G is the minimum value
of m for which there exists a a proper m-coloring of the vertices of G.

An algorithm is a problem-solving method suitable for implementation as a
computer program. While designing algorithms we are typically faced with a number of
different approaches. For small problems, it hardly matters which approach we use, as
long as it is one that solves the problem correctly. However, there are many problems for
which the only known algorithms take so long to compute the solution that they are
practically useless. A polynomial-time algorithm is one whose number of computational
steps is always bounded by a polynomial function of the size of the input. Thus, a
polynomial-time algorithm is one that is actually useful in practice. The class of all such
problems that have polynomial-time algorithms is denoted by P. For some problems,
there are no known polynomial-time algorithms but these problems do have
nondeterministic polynomial-time algorithms: try all candidates for solutions
simultaneously and for each given candidate, verify whether it is a correct solution in
polynomial-time. The class of all such problems is denoted by NP. Clearly P — NP. On
the other hand, there are problems that are known to be in NP and are such that any
polynomial-time algorithm for them can be transformed (in polynomial-time) into a
polynomial-time algorithm for every problem in NP. Such problems are called NP-
complete. The problem of trying to find a proper m-coloring of the vertices of a graph, for
any fixed integer m greater than 2, is known to be NP-complete [1]. Thus, if we are able
to show the existence of a polynomial-time algorithm that finds a proper m-coloring of
the vertices of a graph (whenever such a coloring exists, for a fixed integer m greater than
2), we could prove that P = NP. The present algorithm is, so far as we know, a promising
candidate for the task. One of the greatest unresolved problems in mathematics and
computer science today is whether P = NP or P = NP

3. Algorithm

We now present a formal description of the algorithm. This is followed by a small
example illustrating the steps of the algorithm. We start with the Cartesian Lemma

that allows us to convert the problem of finding a proper m-coloring of the n vertices of a
graph to the logically equivalent problem of finding an independent set of size n in the
Cartesian product GxKp,.

The Cartesian Lemma. A simple graph G with n vertices is m-colorable if and only if
the Cartesian product GxK, has an independent set of size n.
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Proof. Suppose there is a proper m-coloring of the vertices of G. Define a subset S of
vertices of the Cartesian product GxKy, as follows. A vertex (u, v) of GxK, belongs to S
if and only if the vertex u of G is assigned the color v with respect to the proper m-
coloring. Since each vertex of G is assigned a unique color, |S| = n. We shall now show
that S is an independent set. Given (uy, v1) and (uz, V,) in S, suppose there is an edge {(u,
V1), (U2, V2)} in GxKy. Then, by definition of the Cartesian product, there are two
possibilities:

e Uy =upand {vy, Vo} is an edge in Kn. But u; = u, implies v; = vy, since each vertex
in G is assigned a unique color. But then {v;, v1} cannot be an edge in K, since
Km is a simple graph (contradiction).

e {uy, Uy} is an edge in G andv; = v,. But this violates the definition of a proper m-
coloring of G since adjacent vertices must be assigned different colors
(contradiction).

Thus there cannot be an edge between any two vertices in S and S must be an
independent set.

Conversely, suppose there is an independent set S of size n in the Cartesian product
GxKn. We shall show that G has a proper m-coloring. If m is greater than or equal to n
then G can be trivially m-colored, so assume that m is less than n. Partition the vertices of
S into at most m equivalence classes C;, C,,..., Cy, Where a vertex (u, v) in S belongs to
the equivalence class C; if and only if v = v;. Clearly, this gives a well-defined partition of
the vertices of S. Now partition the vertices of G into at most m equivalence classes C'y,
C',, ..., C'm where a vertex u of G belongs to the equivalence class C'; if and only if (u, v;)
belongs to the equivalence class C;. To show that this gives a well-defined partition of the
vertices of G observe that:

« Given a vertex u of G, if u belongs to both C'; and C'j then (u, v;) belongs to C; and
(u, v;) belongs to C;. Since K, is complete, {vi, v;} is an edge in K, so {(u, vi), (u,
vj)} is an edge in the Cartesian product GxKp,. This contradicts the fact that S is an
independent set. Thus, the sets C'y, C',,..., C'r, are pairwise disjoint.

o List the elements of S according to the following scheme

(Ull, V1), (Ulg, Vl), very (Uli(l), Vl)

(U21, Vz), (U22, V2), veny (Uzi(z), V2)

O

O O O

'(.l..lml, Vm), (Umz, Vm), vy (Umi(m), Vm)

If some ulj = u in the list, then, since Ky, is complete, {vi, v} is an edge in Kp, so
{(u, i), (U, v)} is an edge in the Cartesian product GxKy. This contradicts the
fact that S is an independent set. Thus, all the u'j that appear in the list are distinct
and, since S| = n, there are n distinct u'j. Hence, every vertex of G is contained in
some equivalence class C';.

Assign color i to vertex u of G if u belongs to the equivalence class C'i. This gives a
proper m-coloring of the vertices of G. o
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We now define two procedures for working with independent sets in the Cartesian
product GxKp,.

3.1. Procedure. Given an independent set S of the Cartesian product GxKp, if S has no
adjoinable vertices, output S. Else, for each adjoinable vertex (u, v) of S, find the number
p(Su{(u, v)}) of adjoinable vertices of the independent set Su{(u, v)}. Let (U, V)max
denote an adjoinable vertex such that p(Su{(u, V)max}) IS @ maximum and obtain the
independent set SU{(u, V)max}. Repeat until the independent set has no adjoinable
vertices.

3.2. Procedure. Given a maximal independent set S of the Cartesian product GxKp, if
there is no vertex (ui, vi) outside S such that (u;, vi) has exactly one neighbor (uy,v»)
inside S, output S. Else, find a vertex (us, v1) outside S such that (uy, v1) has exactly one
neighbor (us, V) inside S. Define S ¥y “>¥,) by adjoining (uy, v1) to S and removing (uy,
V,) from S. Perform procedure 3.1 on SU;' ¥ “,'¥,) and output the resulting independent
set.

3.3. Algorithm. Given as input a simple graph G with n vertices, search for a proper m-
coloring of the vertices of G. Let {uy, Uy, ..., Uy} denote the vertices of G and let {vi, vz,
..., Vm} denote the vertices of Ky, We generate maximal independent sets in the Cartesian
product GxKp,. At each stage, if the independent set obtained has size at least n, then go
to part I11.

e Partl.Fori=1,2,..,nandj=1,2, .., minturn
o Initialize the independent set S; j = {(u;, vj)}-
o Perform procedure 3.1 on S; ;.
o Forr=1,2, .., nperform procedure 3.2 repeated r times.
o The result is a maximal independent set S; ;.
o Part Il. For each pair of maximal independent sets S; j, S| found in part |
o Initialize the independent set S; jx 1 = Si,j"Sk 1 -
o Perform procedure 3.1 0n S; j 1.
o Forr=1,2,.., nperform procedure 3.2 repeated r times.
o The result is a maximal independent set S; j 1.

« Part I11. If an independent set S of size n has been found at any stage of part | or
part Il, output S as a proper m-coloring of the vertices of G according to the
Cartesian lemma. Else, report that the algorithm could not find any proper m-
coloring of the vertices of G.

3.4. Example. We demonstrate the steps of the algorithm with a small example. The
input graph is shown below in figure 3.1 with n = 4 vertices labeled V = {1, 2, 3, 4}. The
algorithm searches for a proper 3-coloring of the vertices using the set of colors {1, 2, 3}
represented by green, red and blue respectively.
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Figure 3.1. The input graph G with a proper 3-coloring {(1, 1), (2, 2), (3, 3), (4, 2)}
of its vertices found by the algorithm

The algorithm first constructs the Cartesian product GxKj3 shown below in figure 3.2 with
12 vertices {(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3), (4,1), (4,2), (4,3)}. We
construe the vertices {1, 2, 3} of the second component K3 as the colors green, red and
blue respectively.
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Figure 3.2. The Cartesian product GxKs with an independent set
{(1, 1), (2, 2), (3, 3), (4, 2)} of size 4 found by the algorithm

The algorithm now searches for an independent set of size 4 in the Cartesian product
GxKjs. Part | fori =1 and j = 1 initializes the independent set as

81,1 = {(1, 1)}

We now perform procedure 3.1. Here are the results in tabular form:
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Independent Set S;; = {(1, 1)}. Size: 1.

Adjoinable vertex (u, v) of S; | Adjoinable vertices of S; 1 U{(u, )} | p(S1.1U{(u, v)})

2,2) (3,3), (4. 2),(4,3) 3
(2, 3) (3.2),(4,2),(4,3) 3
(3,2) (2,3),(4,3) 2
3, 3) (2,2),(4,2) 2
(4, 2) (2,2),(2,3),(3,3) 3
(4, 3) 2,2), (2,3), (3, 2) 3

Maximum p(S11{(u, v)}) = 3 for (u, v) = (2, 2). Adjoin vertex (2, 2) to Sy .

Independent Set S; 1 = {(1, 1), (2, 2)}. Size: 2.

Adjoinable vertex (u, v) of S;; | Adjoinable vertices of Sy 1 {(u, V)} | p(Sz1u{(u, V)})

(3, 3) 4, 2) 1
(4,2) 3,3) 1
(4, 3) None 0

Maximum p(S11{(u, v)}) = 1 for (u, v) = (3, 3). Adjoin vertex (3, 3) to Sy 1.

Independent Set S11 = {(1, 1), (2, 2), (3, 3)}. Size: 3.

Adjoinable vertex (u, v) of S11 | Adjoinable vertices of S 1 {(u, V)} | p(S11u{(u, V)})
4,2 None 0

Maximum p(S11{(u, v)}) = 0 for (u, v) = (4, 2). Adjoin vertex (4, 2) to Sy ;.

We obtain a maximal independent set

S11={(1. 1), (2,2), (3,3). (4, 2)}

of the required size n = 4. Now part Il outputs S; ; as the requested proper 3-coloring of
the input graph G and the algorithm terminates. Note that we interpret the result as
follows: vertex 1 is colored with color 1 (green), vertex 2 is colored with color 2 (red),
vertex 3 is colored with color 3 (blue) and vertex 4 is colored with color 2 (red).
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4. Complexity

We shall now show that the algorithm terminates in polynomial-time while searching for
a proper m-coloring for a graph with n vertices, by specifying a polynomial of N = nm
that is an upper bound on the total number of computational steps performed by the
algorithm. Note that we consider

e checking whether a given pair of vertices is connected by an edge in G, and
e comparing whether a given integer is less than another given integer

to be elementary computational steps.

4.1. Proposition. Given a simple graph G with n vertices and an independent set S of
GxKpn, procedure 3.1 takes at most (nm)° steps.

Proof. Checking whether a particular vertex is adjoinable takes at most (nm)? steps, since
the vertex has less than nm neighbors and for each neighbor it takes less than nm steps to
check whether it is outside the independent set. For a particular independent set, finding
the number p of adjoinable vertices takes at most (nm)* = (nm)(nm)? steps, since for each
of the at most nm vertices outside the independent set we must check whether it is
adjoinable or not. For a particular independent set, finding a vertex for which p is
maximum then takes at most (nm)* = (nm)(nm)? steps, since there are at most nm vertices
outside. Procedure 3.1 terminates when at most nm vertices are adjoined, so it takes a
total of at most (nm)° = (nm)(nm)* steps. o

4.2. Proposition. Given a simple graph G with n vertices and a maximal independent set
S of GxKp, procedure 3.2 takes at most (nm)>+(nm)?+1 steps.

Proof. To find a vertex (u;, vi) outside S that has exactly one neighbor (uz, vo) inside S
takes at most (nm)? steps, since there are less than nm vertices outside S and we must find
out if at least one of the less than nm neighbors of any such vertex are inside S. If such a
vertex (ui, vi) has been found, it takes one step to exchange (ui, vi) and (uz, Vo).
Thereafter, by proposition 4.1, it takes at most (nm)° steps to perform procedure 3.1 on
the resulting independent set. Thus, procedure 3.2 takes at most (nm)?+1+(nm)° steps. o

4.3. Proposition. Given a simple graph G with n vertices and m colors, part | of the
algorithm takes at most (nm)”+(nm)°+(nm)*+(nm)? steps.

Proof. At each turn, procedure 3.1 takes at most (nm)® steps by proposition 4.1. Then
procedure 3.2 is performed at most nm times which, by proposition 4.2, takes at most

nm((nm)°*+(hm)®>+1) = (nm)°+(nm)*+nm steps. So, at each turn, at most
(nm)>+(nm)°+(nm)°+nm steps are executed. There are nm turns for i =1,2, ..., n, and j =
1, 2, .., m, so part | performs a total of at most nm((nm)>+(nm)®+(nm)*+nm) =

(nm)®+(nm)’+(nm)*+(nm)? steps. o
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4.4. Proposition. Given a simple graph G with n vertices and m colors, the algorithm
takes less than (nm)®+2(nm)’+(nm)®+(nm)>+(nm)*+(nm)3+(nm)? steps to terminate.

Proof. There are less than (nm)? distinct pairs of maximal independent sets found by part
I, that are treated in turn. Similar to the proof of proposition 4.3, part Il takes less than
(nm)?((nm)>+(nm)®+(nm)®+nm) = (nm)”+(nm)3+(nm)°+(nm)*. Hence, part | and part II
together take less than a grand total of
((nm)"+(nm)>+(nm)*+(nm)2)+((nm)°+(nm) "+ (nm)°+(nm)*) =
(nm)®+2(nm)”+(nm)®+(nm)°+(nm)*+(nm)>+(nm)* steps to terminate. o

4.5. Remark. These are pessimistic upper bounds for the worst possible cases. The actual
number of steps taken by the algorithm will depend on both n and m and, for all the
known cases when a proper m-coloring of the vertices exists, the algorithm terminates
much faster. In all of the examples in section 7, one or two steps of part | already find a
proper m-coloring of the vertices of the graph.

5. Sufficiency

Given m colors, the algorithm may be applied to any simple graph G with n vertices. The
algorithm will always terminate in polynomial-time, finding many maximal independent
sets in the Cartesian product GxKp. The propositions below establish sufficient
conditions on the number of colors m and the input graph G, which guarantee that the
algorithm will find maximal independent sets of size at least n in the Cartesian product
GxKp, and a proper m-coloring of the vertices of G. Specifically, we prove that every
graph with n vertices and maximum vertex degree A must have chromatic number y(G)
less than or equal to A+1 and that the algorithm will always find a proper m-coloring of
the vertices of G with m less than or equal to A+1. Furthermore, we prove that this
condition is the best possible in terms of n and A by explicitly constructing graphs for
which the chromatic number is exactly A+1. In the special case when G is a connected
simple graph and is neither an odd cycle nor a complete graph, we show that the
algorithm will always find a proper m-coloring of the vertices of G with m less than or
equal to A. In the process, we obtain a new constructive proof of Brooks' famous theorem
of 1941. The following proofs use two fundamental axioms: Euclid's Division Lemma
and the Pigeonhole Principle

Euclid's Division Lemma. Given a positive integer m and any integer n, there exist
unique integers q and r with 0 < r < m such that n = gm+r.

Pigeonhole Principle. If | letters are distributed into p pigeonholes, then some
pigeonhole receives at least [I/p] letters and some pigeonhole receives at most [I/p]
letters.
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5.1. Proposition. Given a simple graph G with n vertices, m colors and an initial
independent set S of GxK,. At each stage of procedure 3.1, if there are | vertices outside
S and the maximum degree among the vertices inside S is less than [1/(nm-I)1], then
procedure 3.1 produces a strictly larger independent set.

Proof. By contradiction. Suppose the independent set S is maximal. Then there are no
adjoinable vertices and every vertex outside S must have a neighbor inside S. Thus there
are at least | edges (letters) with one end vertex outside S and the other end vertex inside
S, there being exactly p = nm-I vertices inside S (pigeonholes). By the pigeonhole
principle, some vertex inside S must receive at least [1/p] edges contradicting the
hypothesis that the maximum degree among the vertices inside S is less than[ I/p . o

5.2. Proposition. Given a simple graph G with n vertices, m colors and an independent
set S of GxKp, procedure 3.1 always produces a maximal independent set of GxK,.

Proof. Procedure 3.1 terminates only when there are no adjoinable vertices. By definition,
the resulting independent set must be maximal. o

5.3. Proposition. Given a simple graph G with n vertices, m colors and an initial
maximal independent set S of GxKp. If there are t vertices outside the maximal
independent set S and the maximum degree among the vertices inside S is less than
[2t/(nm—t) |, then there exists a vertex (us, vi) outside S such that (us, v1) has exactly one
neighbor (uy, v2) inside S and procedure 3.2 produces a maximal independent set different
from S and of size greater than or equal to the size of S.

Proof. By contradiction. Note that since S is maximal, there are no adjoinable vertices
and every vertex outside S has at least one neighbor inside S. Suppose every vertex
outside S has more than one neighbor inside S. Then there are at least | = 2t edges (letters)
with one end vertex outside S and the other end vertex inside S, there being exactly p =
nm-—t vertices inside S (pigeonholes). By the pigeonhole principle, some vertex inside S
must receive at least [ I/p| edges contradicting the hypothesis that the maximum degree
among the vertices inside S is less than [ I/p |. Thus, there exists a vertex (us, v1) outside S
such that (u;, vi) has exactly one neighbor (u,, v,) inside S. Now since procedure 3.2
exchanges (uy, v1) and (uy, V), an independent set different from S but of the same size as
S is created. Note that in the process some vertices outside the independent set might
have become adjoinable. Then, procedure 3.2 applies procedure 3.1 that produces a
maximal independent set different from S and of size greater than or equal to the size of
S.o

5.4. Proposition. Given a simple graph G with n vertices and m colors. If G has
maximum vertex degree A, then the algorithm always finds a maximal independent set in
GxKnof size at least | nm/(A+m) 1.

Proof. Note that the maximum vertex degree of the Cartesian graphGxKp is
A+m-1.Consider any one turn of part | in the algorithm. After t vertices have been
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adjoined from a total of nm, there are | = nm—t vertices outside the independent set S and
the maximum degree among the vertices inside S is certainly less than or equal to A+m-1.
By proposition 5.1, if A+m-1 is less than [l/(nm-1)]= [(nm—-t)/(nm—(nm-t))|=
[ (nm—t)/t] =T (nm/t)-11, then a strictly larger independent set is produced by adjoining a
vertex. Hence, as long as t is less than [ nm/(A+m—1+1) | = [ nm/(A+m) ], a vertex can still
be adjoined and procedure 1 continues. Thus, at least [ nm/(A+m) | vertices are adjoined,
producing an independent set of size at least [ nm/(A+m) |. By propositions 5.1, 5.2 and
5.3, all of the independent sets produced by the algorithm are maximal and of size at
least [ nm/(A+m) | o

5.5. Proposition. Let G be a simple graph with n vertices and maximal vertex degree A.
Given m colors where m is greater than or equal to A+1, the algorithm always finds a
proper m-coloring of the vertices of G.

Proof. We shall show that the size of any maximal independent set S found by the
algorithm in the cartesian graph GxKp is at least n, by contradiction. Suppose the
independent set S = {(uy, v1), (U2, V2), ..., (U, Vi)} is maximal and k is less than n. Note
that uy, Uy, ..., ux must be k distinct vertices of G since u; = u; implies that there is an edge
between (u;, vi) and (uj, vj) in GxKy, since K is complete. Let u be a vertex of G different
from uy, Uy, ..., Ux. Then, for each vertex v of K, the vertex (u, v) of GxKy, is outside S
and must have a nieghbor in S since S is a maximal independent set. The only way the
vertex (u, v) can have a neighbor (u;, v;) in S is if v = vj and u is a neighbor of u; in G.
Thus the degree of the vertex u is greater than or equal to m in G. This contradicts the
hypothesis that m is greater than or equal to A+1. o

5.6. Corollary. For any simple graph G with maximal vertex degree A, the chromatic
number y(G) is less than or equal to A+1.

Proof. By proposition 5.5, the algorithm always finds a proper m-coloring of the vertices
of G for m equal to A+1. o

5.7. Proposition. Given any positive integers n and A such that 0 < A < n, there exists a
graph G with maximum vertex degree A and chromatic number y(G) = A+1. For any such
graph the algorithm always finds a proper m-coloring of the vertices of G for m equal to
A+1.

Proof. Let n = q(A+1)+r with 0 <r <A+1 by Euclid's division lemma. There are two
cases.

e Case 1. Suppose r = 0. Define G to be the graph consisting of q disjoint cliques
Q1 ..., Qq with A+1 vertices each. Then G is a graph with maximum vertex degree
A. Each of the disjoint cliques has a proper m-coloring with m = A+1 colors and
this is the minimum value of m for which the clique has a proper m-coloring,
since each vertex of the clique must be assigned a different color. Proper m-
coloring of all the g disjoint cliques gives a proper m-coloring of G and this is the
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minimum value of m for which G has a proper m-coloring. Thus, the chromatic
number x(G) = A+1. By proposition 5.5, the algorithm finds a proper m-coloring
of the vertices of G with m = A+1 colors.

o Case 2. Suppose r is positive. Define G to be the graph consisting of g disjoint
cliques Q, ...,Qq with A+1 vertices each and a disjoint clique R with r vertices.
Then G is a graph with maximum vertex degree A. Each of the disjoint cliques Q;
has a proper m-coloring with m = A+1 colors and this is the minimum value of m
for which the clique Q; has a proper m-coloring, since each vertex of the clique
must be assigned a different color. The clique R certainly has a proper m-coloring
where not all of the m colors are used, since r < A+1. Proper m-coloring of the
disjoint cliques Qq, ...,Qq and the disjoint clique R gives a proper m-coloring of G
and this is the minimum value of m for which G has a proper m-coloring. Thus,
the chromatic number y(G) = A+1. By proposition 5.5, the algorithm finds a
proper m-coloring of the vertices of G with m = A+1 colors. O

5.8. Proposition. Let G be a simple graph with n vertices and maximal vertex degree A.
If G is a connected and is neither an odd cycle nor a complete graph, then the algorithm
finds a proper m-coloring of the vertices of G for some m less than or equal to A.

Proof. The proposition is trivial if n is less than 3, so assume that n is at least 3. Let m =
A. First suppose that G is a simple path or an even cycle. Then m = A = 2 and the first
turn of part | will find a maximal independent set S = {(u1, 1), (uz, 2), (us, 1), (ug, 2), ...,
(Un-1, 1), (un, 2)} with alternating colors 1 and 2 such that the simple path or even cycle
Ug, Uy, Us, Ug, ..., Un.1, Un cOnsists of all the vertices of G. Thus, if G is a simple path or an
even cycle then the algorithm finds a proper 2-coloring of G. Since G cannot be an odd
cycle by hypothesis, from now on let us assume that G is neither a simple path nor a
cycle. Since G is not complete, there exist three vertices u’, u™, u™ such that {u’, u"}, {u",
u™'} are edges of G and {u’, u™} is not an edge of G. Let u; = u"and v; = 1. Let S = {(uy,
V1), (Uz, V2), ..., (U, V) } be the maximal independent set of GxK, generated by the turn of
part | starting with (u, v1) and suppose Kk is less than n. Note that us, Uy, ..., ux must be k
distinct vertices of G since u; = u; implies that there is an edge between (uj, vi) and (u;, ;)
in GxKp, since Ky, is complete.

e (i) Suppose u is vertex of G distinct from us, uy, ..., Ux. Then (u, 1), (u, 2), ..., (u,
m) are all outside S. Since S is a maximal independent set, there must be m edges
{(u, 1), (Ui, D}, {(u, 2), Wiy, D}, ., {U, M), (Uigry, M)} in GxKp. Thus u has m
neighbors Ui, Ui), ..., Uim) In G. Since m = A by hypothesis, u has maximum
degree A in G and Ui, Uie), ..., Uim) are all the neighbors of u in G. This implies
that each (u, j) has exactly one neighbor (uig, j) in S, forj =1, 2, ..., m. Thus, for
each j = 1, 2, ..., m, we can form the maximal independent set S“ D¢, ) py
adjoining (u, j) to S, removing (uig), j) from S and performing procedure 3.1.

e (ii) Suppose there are more than one vertices Uk+1, Uks2, ... OF G distinct from uy,
Uz, ..., Ux. Since G is connected, there is a path from U+ tO U2 IN G, Say Uksg =
W1, Wa, ..., W = Us2. Starting from wy in the path, let wy = ug+ be the first vertex
that is distinct from uy, Uy, ..., Uk, Uk+1. Then (Wo, Vj2), ..., (Wi-1, Vje-1)) all belong to
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S for some vertices Vj), ..., Vjr-1y of Ky By (i), we can generate a sequence of
maximal independent sets as follows:
o S1=5""Yw)™, Y, maximal independent set obtained by adjoining (w,
Vi) to S, removing (W, Vjiz)) from S and performing procedure 3.1.
o S2=%" """ "), maximal independent set obtained by adjoining (ws,
Vj2)) to Sy, removing (ws, Vi) from S; and performing procedure 3.1.

Sra = Sro™er Vi)™ Vigy), maximal independent set obtained by
adjoining (w1, Vjg-1)) to Sy, removing (wy, vjg) from Sy and performing
procedure 3.1.

Note that in this process every element of S that was removed was replaced back
and (Wi, Vi) = (Uk+1, Vi) (and possibly others) were adjoined. This means that
Sy-1 is a maximal independent set that properly contains the maximal independent
set S, a contradiction. Hence, there can be at most one vertex ux; of G distinct
from ug, uy, ..., Uk

(iii) By (i) and the assumption that k is less than n, the maximal independent set S
= {(uy, V1), (Uz, V2), ..., (Un1, Vn-1)} and there is exactly one vertex u, of G distinct
from uy, Uy, ..., Un.1.
(iv) We shall derive a contradiction to (iii) by following through the construction
of the maximal independent set S. Consider the turn of part | starting with S =
{(u', 1)}. Now procedure 3.1 is performed. The adjoinable vertices (u, v) of S are
vertices of GxK, of the following two types:
o Type 1. (uis distinct from u' in G) and ({u, u'} is not an edge in G) and (v
=1inKp)
or
o Type 2. (uisdistinct from u' in G) and (v is distinct from 1 in Ky,).

Now suppose a vertex (u, v) is adjoined and S = {(u’, 1), (u, v)}. There are two
cases:

o Case 1. If (u, v) is a vertex of type 1, then the adjoinable vertices (X, y) of
S are vertices of GxK, of the following two types:
=  Type 1(a). (x, u', u are distinct in G) and ({x, u'} is not an edge in
G) and ({x, u}isnotanedge in G)and (y =1 in Kp)
or
=  Type 1(b). (x, u’, u are distinct in G) and (y is distinct from 1 in
Km).
o Case 2. If (u, v) is a vertex of type 2, then the adjoinable vertices (X, y) of
S are vertices of GxK, of the following three types:
= Type 2(a). (x, u', u are distinct in G) and ({x, u'} is not an edge in
G)and (y=1inKpy)
or
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= Type 2(b). (x, u', u are distinct in G) and ({x, u} is not an edge in
G)and (y=vinKy)
or

= Type 2(c). (x, u', u are distinct in G) and (y, 1, v are distinct in Kp,).

We now show that there are at least as many adjoinable vertices in case 1 as there
are in case 2, as follows:

o In case 2, if (x, y) is adjoinable of type 2(b), then the same (X, y) is
adjoinable of type 1(b) in case 1.

o In case 2, if (x, y) is adjoinable of type 2(c), then the same (X, y) is
adjoinable of type 1(b) in case 1.

o Incase 2, suppose (X, y) is adjoinable of type 2(a). Now since G is neither
a simple path nor a cycle, the maximum degree A = m is at least 3. Hence
there exists a vertex v' distinct from 1 and v in Ky Then (x, V') is
adjoinable of type 1(b) in case 1, ensuring that we have not counted the
same (X, v') more than once.

We now show that there is at least one more adjoinable vertex in case 1 compared
to case 2. Let u = u"™. Then for x = u" in case 2, (u", y) must be adjoinable of type
2(c) because {u’, u"} and {u", u™'} are edges of G. There are only m-2 choices for
y, since y, 1, v are distinct in Ky, by definition of type 2(c). All these (u", y) are
also adjoinable of type 1(b) in case 1. However, in case 1, there is an extra choice
available, namely y =v. Thus, the number p of adjoinable vertices of S = {(u’, 1),
(u, v)} is strictly greater in case 1 where (u, v) is of type 1 and procedure 3.1
adjoins (u, v) of type 1. Continuing in this way, comparing vertices of GxKp, of
type 1 and type 2 pairwise and applying procedure 3.1, we must arrive at an
independent set S = { (uy, v1) = (u', 1), (up, 1), ..., (U, 1)} where u; is such that for
some X, {u', x}, {x, u} are edges of G and {u’, u} is not an edge of G. By
hypothesis such vertices exist and we may assume without loss of generality that
Uy = u™ and x = u". Continuing to apply procedure 3.1 we finally arrive at a
maximal independent set S = { (ug, v1) = (U', 1), (U, V2), ..., (U, 1) = (U™, 1), ...,
(Un-1, Vn-1)} and there is exactly one vertex u, of G distinct from uy, Uy, ..., Un-1.
Now there are two cases:

o Case 1'. u, = u". Since A = m and u" has two neighbors u, u"" both of
color 1, at most m-2 other colors are adjacent to u”. Including 1, at most
m-1 colors are adjacent to u™ and there is always a color v" left for u". But
then we can adjoin (un, v,) = (U™, v") to the maximal independent set S, a
contradiction.

o Case2'.uyand u" are distinct. Then u" is one of uy, Uy, ..., Un.1. Since G is
connected, there is a path from u, to u", say u, = wi, Wp, ..., w; = u". Then
(W2, Vj@), ..., (Wi-1, Vjg-1y) all belong to S for some vertices Vje), ..., Vjg-1) Of
Kn. By (i), we can generate a sequence of maximal independent sets as
follows:
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= S = S W Vi)™ Vi), maximal independent set obtained by
adjoining (w1, Vjp)) to S, removing (wa, Vj)) from S and performing
procedure 3.1.

= S, = S Vi™My ¥3), maximal independent set obtained by
adjoining (wa, Vj)) to Si, removing (ws, Vjz) from S; and
performing procedure 3.1.

= Si1 = S2™ V™ iy, maximal independent set obtained by
adjoining (W1, Vjg-1) to S, removing (w, vjp) from S,., and
performing procedure 3.1.

Note that in the process

= (Un, Vi) = (Wy, Vjy) was adjoined and never removed.
= (U", vjm) = (wy, vjgy) was removed and never adjoined.
= Every other element was removed and replaced back.

o Thus, Si1 = {(U's, V'), (U'2, V'2), ..., (U'n1, V'n1)} is @ maximal independent
set where u'y, U', ..., U'nq are distinct vertices of G, u" is distinct from u';,
u'y, ..., U'n.1 and for some i, j we have (u', v'i) = (u', 1), (u'}, vj) = (u™, 1).
Now, exactly as in case 1', we obtain a contradiction.

By (i), (ii), (iii) and (iv), we must have k = n and the maximal independent set S = {(us,
V1), (U2, V2), ..., (Un, Vn)}. Thus, the algorithm finds a proper m-coloring of the vertices of
G.o

5.9. Corollary [Brooks' Theorem, 1941]. Let G be a simple graph with n vertices and
maximal vertex degree A. If G is a connected and is neither an odd cycle nor a complete
graph, then the chromatic number % (G) is less than or equal to A.

Proof. By proposition 5.8, the algorithm finds a proper m-coloring of G for some m less
than or equal to A. o

5.10. Question. For all known examples of graphs, the algorithm finds a proper m-
coloring of the vertices of the graph G for m equal to the chromatic number ¢ (G). In view
of the importance of the P versus NP question [3], we ask: does there exist a graph G for
which this algorithm cannot find a proper m-coloring of the vertices of G with m equal to
the chromatic number % (G)?
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6. Implementation

We demonstrate the algorithm with a C++ program following the style of
contains a detailed help file and section 7

demonstration program package
gives several examples of input/output files for the program.

18

. The

RI=FY
Input File  Output File  Yisualizer Examples Help
DEMONSTRATION PROGRAM
THE VERTEX COLORING ALGORITHM
=10] %]
Ml Fi= Edit Seach Help
10 =]
a1 886161080008
1818860601008
a1 a1aB88018
aAa1a1a8881
186181008008
aaBaBs1TBaBE118
18608000811
a1 88818881
afa1ea110008
aaBA1TaBa110a8 ;
I=TEY
File Edit Search Help
1. Vertex Coloring ( 18 ): (1 ,1)Y (2 ,2) =
{3 ,1)y{48,2)(5,3) (6,1}
(7,2 {(8 ,3)Y(9,3) (18,1} h
| | AW
m = I3 Color vertices wzing at mozt m colors

Figure 6.1. Demonstration program for Microsoft Windows
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vertex coloring.cpp
#include <iostream>
#include <fstream>
#include <string>
#include <vector>
using namespace std;

bool removable (vector<int> neighbor, vector<int> cover);

int max removable (vector<vector<int> > neighbors, vector<int> cover);
vector<int> procedure 1 (vector<vector<int> > neighbors, vector<int>
cover) ;

vector<int> procedure 2 (vector<vector<int> > neighbors, vector<int>
cover, int k);

int cover size(vector<int> cover);

ifstream infile ("graph.txt");

ofstream outfile ("coloring.txt");

int main ()
{
//Read Graph
cout<<"Vertex Coloring Algorithm.'"<<endl;
int C, N, n, 1, j, k, K, p, 9, ¥, s, min, edge, counter=0;
infile>>N;
vector< vector<int> > Graph;
for (i=0; i<N; i++)
{
vector<int> row;
for (7=0; J<N; J++)
{
infile>>edge;
row.push back (edge) ;
}
Graph.push back (row) ;
}
//COLORING to INDEPENDENT SET conversion
cout<<"Graph has N = "<<N<<" vertices."<<endl;
cout<<"Find a vertex coloring using at most C colors. Enter C = ";
cin>>C;
//Complete garph on C verteices
vector<vector<int> > KC;
vector<int> rowl;
for (int i=0; i<C; i++) rowl.push back(1l);
for (int i=0; i<C; i++) KC.push back(rowl);
for (int i=0; i<C; i++) KC[i][i]1=0;
//Cartesian product of Graph and KC
vector<vector<int> > graph;
vector<int> rowind;
for (int i=0; i<C*N; i++
for (int i=0; i<C*N; i++
for (int i=0; i<C*N; i++
for (int j=0; J<C*N; Jj++
{
int i G=i/C, i KC=i%C, j G=j/C, j_KC=3j%C;
if((i G==3 G) && (KC[i KC][j KC]==1)) graph[i][j]=
if ((Graph[i G][j G]l==1) && (i KC==j KC)) graph[i][
}

rowind.push back(0);
graph.push back (rowind) ;

)
)
)
)

1;
Jj1=1;
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//Assign parameters for finding independent sets in the graph
n=N*C; K=n/C; k=n-K;
//Find Neighbors
vector<vector<int> > neighbors;
for (i=0; i<graph.size(); i++)
{
vector<int> neighbor;
for (7=0; j<graph[i].size(); Jj++)
if (graph[i] [J]==1) neighbor.push back(3j);
neighbors.push back (neighbor) ;
}

//Find Independent Sets
bool found=false;
cout<<"Finding Vertex Colorings..."<<endl;
min=n+1;
vector<vector<int> > covers;
vector<int> allcover;
for (i=0; i<graph.size(); i++)
allcover.push back(1l);
for (i=0; i<allcover.size(); 1i++)
{
if (found) break;
counter++; cout<<counter<<". "; outfile<<counter<<". ";
vector<int> cover=allcover;
cover[1i]=0;
cover=procedure 1 (neighbors, cover);
s=cover size (cover);
if(s<miH) min=s;

if (s<=k)
{
outfile<<"Vertex Coloring ("<<n-s<<"): ";
for (j=0; j<cover.size(); j++) if (cover[j]==0)

outfile<<" ("<<J/CHILKL", "KKGSCHILKL™) ",
outfile<<endl;
cout<<"Vertex Coloring Size: "<<n-s<<endl;
covers.push back (cover);
found=true;
break;
}
for (7=0; j<n-k; J++)
cover=procedure 2 (neighbors, cover,j);
s=cover_ size (cover);
if (s<min) min=s;
outfile<<"Vertex Coloring ("<<n-s<<"): ";

for (j=0; ij<cover.size(); j++) if(cover[j]1==0)
outfile<<" ("<<j/C+I<<", "<<JSC+HI<™) "5
outfile<<endl;

cout<<"Vertex Coloring Size: "<<n-s<<endl;
covers.push back (cover);
if (s<=k){ found=true; break; }
}
//Pairwise Intersections
for (p=0; p<covers.size(); pt++)
{
if (found) break;
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for (g=p+1; g<covers.size(); qgt+)

{

if (found) break;

counter++; cout<<counter<<". "; outfile<<counter<<". ";
vector<int> cover=allcover;

for (r=0; r<cover.size(); r++)

if (covers[p]l [r]==0 && covers[qg][r]==0) cover[r]=0;
cover=procedure 1 (neighbors, cover);

s=cover size (cover);

if (s<min) min=s;

if (s<=k)
{
outfile<<"Vertex Coloring ("<<n-s<<"): ";
for (j=0; j<cover.size(); j++) if(cover[j]==0)
outfile<<" ("<<J/C+I<<K", "<K<JBCHI<™) "5
outfile<<endl;

cout<<"Vertex Coloring Size: "<<n-s<<endl;
found=true;

break;

}
for (§j=0; J<k; j++)
cover=procedure 2 (neighbors, cover,j);
s=cover size(cover);
if(s<miH) min=s;
outfile<<"Vertex Coloring ("<<n-s<<"): ";

for (j=0; j<cover.size(); j++) if(cover[j]==0)
outfile<<" ("<<J/C+1<<", "<<JBCHI<™) ",
outfile<<endl;

cout<<"Vertex Coloring Size: "<<n-s<<endl;
if (s<=k){ found=true; break; }
}
}
if (found) cout<<"Found complete Vertex Coloring using at most "<<C<L"
colors."<<endl;
else cout<<"Could not find complete Vertex Coloring using at most
"<<C<<" colors."<<endl
<<"Maximum partial Vertex Coloring found for "<<n-min<<"
vertices.'"<<endl;
cout<<"See coloring.txt for results."<<endl;
system ("PAUSE") ;
return O;

}

bool removable (vector<int> neighbor, vector<int> cover)
{

bool check=true;

for (int i=0; i<neighbor.size(); i++)

if (cover[neighbor[i]]==0)

{

check=false;

break;

}

return check;

}
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int max removable (vector<vector<int> > neighbors, vector<int> cover)
{
int r=-1, max=-1;
for (int i=0; i<cover.size(); i++)
{
if (cover[i]==1 && removable (neighbors[i], cover)==true)
{
vector<int> temp cover=cover;
temp cover[i]=0;
int sum=0;
for (int j=0; j<temp cover.size(); Jj++)
if (temp cover[j]==1 && removable (neighbors[j], temp cover)==true)
sum++;
if (sum>max)
{
max=sum;
r=i;
}
}
}
return r;

}

vector<int> procedure 1 (vector<vector<int> > neighbors, vector<int>
cover)
{
vector<int> temp cover=cover;
int r=0;
while (r!=-1)
{
r= max_removable (neighbors, temp cover);
if(r!=-1) temp cover[r]=0;
}
return temp cover;

}

vector<int> procedure 2 (vector<vector<int> > neighbors, vector<int>
cover, int k)
{
int count=0;
vector<int> temp cover=cover;
int i=0;
for (int i1=0; i<temp cover.size(); i++)
{
if (temp cover[i]==1)
{
int sum=0, index;
for (int j=0; j<neighbors[i].size(); j++)
if (temp cover[neighbors[i] [J]]==0) {index=j; sum++;}
if (sum==1 && cover|[neighbors[i] [index]]==0)
{
temp cover[neighbors[i] [index]]=1;
temp cover[i]=0;
temp cover=procedure 1 (neighbors, temp cover);
count++;

}
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if (count>k) break;
}
}

return temp cover;

}

int cover size(vector<int> cover)
{

int count=0;

for (int i=0; i<cover.size(); 1i++)
if (cover[i]==1) count++;

return count;

}

Figure 6.2. C++ program for the vertex coloring algorithm

7. Examples

We demonstrate the algorithm by running the program on several famous graphs,
including a proper four-coloring of the map of India and two large Mycielski benchmark
graphs with hidden minimum vertex colorings. In each case, the algorithm finds a proper
m-coloring of the vertices of the graph G in polynomial-time with m equal to the
chromatic number x(G).

7.1. The Tetrahedron [&]. We run the program on the graph of the Tetrahedron with n =
4 vertices. The algorithm finds a proper m-coloring of the vertices for m = % (G) = 4.

graph. txt
4

0111
1011
1101
1110

coloring. txt
Vertex Coloring (4 ): (1 , 1) (2, 2) (3, 3) (4, 4)
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Figure 7.1. The graph of the Tetrahedron with a proper m-coloring
(n=4,m=y%(G)=4).

7.2. The Kuratowski Bipartite Graph Kz 3 [9]. We run the program on the Kuratowski
bipartite graph Ks, 3 with n = 6 vertices. The algorithm finds a proper m-coloring of the
vertices for m = y(G) = 2.

graph. txt

6
000111
000111
000111
111000
111000
111000

coloring. txt
Vertex Coloring

(6): (1, 1) (2, 1) (3, 1) (4, 2)
(5, 2) (6, 2)
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Figure 7.2. The Kuratowski graph K3 3 with a proper m-coloring
(n=6,m=y%(G)=2).

7.3. The Octahedron [&]. We run the program on the graph of the Octahedron with n = 6
vertices. The algorithm finds a proper m-coloring of the vertices for m = ¢(G) = 3.

graph. txt

6
011011
101101
110110
011011
101101
110110

coloring. txt
Vertex Coloring

(e): (1 ,1) 2,2) (3,3) (4,1)
(5, 2) (6, 3)

COPYRIGHT © 2006 ASHAY DHARWADKER
http://www.dharwadker.org/vertex_coloring


http://www.dharwadker.org/vertex_coloring/

THE VERTEX COLORING ALGORITHM 26

Figure 7.3. The graph of the Octahedron with a proper m-coloring
(n=6,m=y%(G)=3).

7.4. The Bondy-Murty Graph G; [4]. We run the program on the Bondy-Murty graph
G1 with n = 7 vertices. The algorithm finds a proper m-coloring of the vertices for m =
x(G) = 4.

graph. txt

5
0110110
1011010
1101100
0110001
1010001
1100001
0001110

coloring. txt
Vertex Coloring

(7)1, 1) (2, 2) (3,3) (4, 1)
(5, 2) (6, 3)
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Figure 7.4. The Bondy-Murty graph G; with a proper m-coloring
(n=7,m=y%(G)=4).

27

7.5. The Wheel Graph Ws [4]. We run the program on the Wheel graph Wg with n = 8

vertices. The algorithm finds a proper m-coloring of the vertices for m = (G) = 4.

.Ext

Q
R
]

'g
o

PP OOOORr OO
PO OoOOoOoOoOkr o
P O OoOOoORr O O
P OOoOFr ORFr OO
P ORrOoORrr oOoOo
PR ORF OOOOo
P ORFrkroOoOoOoOoOo-Rr
orrHHrrFERPRRPFEBRE

coloring. txt
Vertex Coloring

(8): (1, 1) (2z,2) (3,1) (4, 2)
(5, 1) (6, 2)
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Figure 7.5. The Wheel graph Ws with a proper m-coloring
(n=8,m=y%(G)=4).

7.6. The Cube [2]. We run the program on the graph of the Cube with n = 8 vertices. The
algorithm finds a proper m-coloring of the vertices for m = y(G) = 2.

.Ext

Q
R
]

'g
o

OO OFr ORFr O
O OO0OOoORFr o
P O OoOOoORrr OoORr O
OO O O o
P ORrOoORrr oOoOo
O ORFr OOOo-R
P ORr OoOoOoOOoRr o
Or oOoORr or oo

coloring. txt
Vertex Coloring

(8): (1, 1) (2z,2) (3,1) (4, 2)
(5, 1) (6, 2)
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Figure 7.6. The graph of the Cube with a proper m-coloring
(n=8,m=y%(G)=2).

7.7. The Petersen Graph . We run the program on the Petersen graph with n = 10
vertices. The algorithm finds a proper m-coloring of the vertices for m = (G) = 3.
graph. txt

10

0100101000

1010000100

0101000010

00101000071

1001010000

0000100110

1000000011

0100010001

0010011000

0001001100

coloring. txt
Vertex Coloring ( 10 ): (
(5, 3) (6,

,_\
-
—
-
<
N
-~
— =
© —
N~ o~
w N
-~
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Figure 7.7. The Petersen graph with a proper m-coloring
(n=10,m=y(G)=3).

7.8. The Bondy-Murty graph G, [4]. We run the program on the Bondy-Murty graph G,
with n = 11 vertices. The algorithm finds a proper m-coloring of the vertices for m = ¢ (G)
=3.

graph. txt
11

(@]

PP ORFRLRERERFERREPEO
PP ORFRRPRPRERPREROO
OO O OoOrHroOoOoOoORror
[cNoNeoNeoN e lNolNol i
[cNoNeNeoN S HeoNoNeN S =
[cNoNeoNeoN SNeoN oMol =
PP ORFRRPRPRERPREROO
OO ORFrFrFOOOOoORr
O OO RrRPr P OOOOoORr R
PO OORr OO0 OO+
ORrRP OO0ORFrrF OO0 OoORr

coloring. txt
Vertex Coloring (11 ): (1 , 1) (2, 1) (3, 2) (4, 3)
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Figure 7.8. The Bondy-Murty graph G, with a proper m-coloring
(n=11, m=y(G)=3).

7.9. The Grotzsch Graph . We run the program on the Grotzsch graph with n = 11
vertices. The algorithm finds a proper m-coloring of the vertices for m = (G) = 4.

.txt

Q
R
]

'g
o

cooocoocookHRrRFHPrRPrRERPEPOR
OOD—‘O}—‘OOOOO}—‘H
ORFRP OFrRPROO0O0OO0OOoO o
P ORPFPFOOOOOOOHr
O OO RFrrF OO0 OoO o
P OORFRR OOOOOOoOHr
POORFrROORFrr OORKr O
[eoNeN SNel - el el o]
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ol SNeoNeN S el o NelhoNe]
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Vertex Coloring

(5, 2)
(11, 4

7.10. The Chvétal Graph

graph. txt
12

(@]

POORFRORKF OO-R
OO RroORr ook orRr
O ORFrOoOoOr OoOrFr O
PORPRPROORFr ORKF OO
O OO Rr oOr oo

)

(

P OOOORFrr OORF O

6

OO O OO OOk o

4

OO O OO O oo

oNeoNoNoNeol Nell el o)

oNeoNoNeoN SNeol ool S

THE VERTEX COLORING ALGORITHM

Figure 7.9. The Grotzsch graph with a proper m-coloring

(n=11, m=y%(G)=4).

PR RPRPOOOO OO
O P RPRPEPEOOOOO

COPYRIGHT © 2006 ASHAY DHARWADKER
http://www.dharwadker.org/vertex_coloring

32

. We run the program on the Chvatal graph with n = 12
vertices. The algorithm finds a proper m-coloring of the vertices for m = ¢ (G) = 4.
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(@]
o O
o O
o O
o O

coloring. txt
Vertex Coloring (
(5, 3) (6,1
(12 , 2)

Figure 7.10. The Chvatal graph with a proper m-coloring
(n=12,m=y%(G)=4).

7.11. The Icosahedron [&]. We run the program on the graph of the Icosahedron with n =
12 vertices. The algorithm finds a proper m-coloring of the vertices for m = ¢ (G) = 4.

graph. txt

12
011001110000
101111000000
110100011000
011010001100
010101000110
110010100010
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OO O o
O O O O oo
OO O O
[eoNeN N S C ]
O P OOO
O OO o
PP OORFr O
P oOoOoOoOkRFr o
P ORFr O o
PR O OO
P ORFr oo
[ R e e i el )

coloring. txt
Vertex Coloring (
(5, 4) (6, 2
(12, 2)

Figure 7.11. The graph of the Icosahedron with a proper m-coloring
(n=12,m=y%(G)=4).

7.12. The Bondy-Murty graph Gs [4].We run the program on the Bondy-Murty graph
G3 with n = 14 vertices. The algorithm finds a proper m-coloring of the vertices for m =
x(G) =2.

graph. txt
14
000100010001O00
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001000100O0100°060
01 0100000O0OO0COCO0OT1
10101000000O0O0O
0001010001000O00O0
000010100O0O0O01PO0
01 000101000O0O0O
10000010100O0O0CO
00000001010O00O01

00001000101O00O00

01 000000O01O01O006O0
1000000O0O0O0O1TO01PO0
0 0000100O0O0OO0OC1IO0TI1
001000001 0O0O01O0

coloring. txt

14 ) :

(

Vertex Coloring

(
(

12

x(G) =2).

Figure 7.12. The Bondy-Murty graph Gz with a proper m-coloring
(n=14,m
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. We run the program on the Bondy-Murty graph
G4 with n = 16 vertices. The algorithm finds a proper m-coloring of the vertices for m =

7.13. The Bondy-Murty graph G,
x(G) = 3.

0 00001000O0OO0OO0O1TO0O0PO
0 000001O001O0O0O0OOCO®O
0000010000O0OO01O00O0O
00000000OO0O0O1TO0O0O00O0O
0 00000O0C1TO0O0O0OO0OOOO®O
101000000O01O0O0OCO0O
01 00000O01O0O0OO0OO0COOO
000010000001 O01O0O0
000000100000CO0O01TO
01 00000O0O0OO0OO0OO0OO1I®O
000101000O0O0O0OO0CDOCO0O
00000001 O0O0OO0OO0OO0OOO®O
101000000O0O0OO0CO0O0O0CO
000000010O0O0OO0O0OO0O0O
0 00000O0O0O1TT1O0O0O0OOCOT1
0O 00000O0O0CO0OCOOOOOL1IO

coloring. txt
Vertex Coloring

graph. txt

16

4

6
13

(

r 1)

5

(
(

)

4

(

r 1)

12
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Figure 7.13. The Bondy-Murty graph G4 with a proper m-coloring
(n=16,m=y%(G)=3).

7.14. The Ramsey Graph R(4,4) [6]. We run the program on the Ramsey graph R(4,4)
with n = 17 vertices. The algorithm finds a proper m-coloring of the vertices for m = ¢ (G)
= 6.

graph. txt

17
011010001100010171
1011010001 1000101
110110100011 00010
011011010001 10001
1011011010001 1000
01011011010001100
00101101101000110
00010110110100011
10001011011010001
11000101101101000
011000101101 10100
0011000101101 1010
00011000101 101101
100011000101 10110
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coloring. txt

17 ):

(

Vertex Coloring

4

6
13

(

r 1)

5

(
(

4

(

r 6)

12

coloring

x(G)=6).
. We run the program on the graph of the Dodecahedron

Figure 7.14. The Ramsey graph R(4,4) with a proper m
(n=17,m

7.15. The Dodecahedron

x(G)

with n = 20 vertices. The algorithm finds a proper m-coloring of the vertices for m

=3.

graph. txt

O O O o o

O O O o o

O O O o o

O O O o o

O O O o o

O O O o o

— O O O O

O O O o o

O O O O
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000010100000OO0OO0O1TO0O0O0CO®O
00000101 0000OO0OO0OCO0OO0O1ITO0O0®O
00010010100000O0O0OO0O0CO0CO
0000000101 0000O0CO0OO0O1ITO00
00100000101 O0O0O0OO0OO0COOOO
0 00000O0O0CO0C1TO01TO0O0O0OO0OO0GBOL1IPO
01000000O0O0O1TO01O0O0OO0OCOOO
00000000O0OO0CO1TO01I0O0O0OO0O0C1

1000000000001 01O0O0O0O0CO0

0000010000CO0OCO0OCO1TO01I000O0® O
0 00000O0O0CO0CO0COCOCOO0O1TO01O0O0TI1
0000001 00O0CO0OCOCOO0O1IO01IO0®0
000000001 00O0CO0OO0OO0CO1TO010

0o0000000O0O0C1IT000O0O0O0O1TO0T1

0 00000O0O0CO0COCOCO1TO0OO0O1TO0O0O1IPO0

coloring. txt

20

(

Vertex Coloring

)

3

4

(

Figure 7.15. The graph of the Dodecahedron with a proper m-coloring

x(G)=3).

(n=20,m
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. We run the program on the Mycielski 5-

chromatic graph with n = 23 vertices. The algorithm finds a proper m-coloring of the

7.16. The Mycielski 5-Chromatic Graph
vertices for m

x(G) =5.

0101001010001 0100101O00O00
101001010001 0100101000O00O0
0100101001001 0010100100
100011000101 00011000100
001100011 00001100011O00O00O0
0101000000101 0100000O010O0
10100000001 101000000O010O0
0100100000101 0010000010
10001000001 100010000O010
00110000001 001100000O010O0
0000011111 0000001111100
010100101000O0O0OO0ODO0OO0OLO0OOO0OO0O0T1
101001010000000O00O0COO0O0O0T1
010010100100000000O0O0CO0CO0CT1
1000110001000O0OO0OO0OO0OO0OO0OO0O0O0T1
001100011000O0O0OO0OLO0OLOLO0OO0OO0O0O0T1
01010000001O0O0OO0OO0OOOLOOO0OO0OO0T1
10100000001 0000O00O0CO0O0O0O0OT1
01001000001 0000000CO0O0CO0O0T1
10001000001O0O0OO0OO0OO0OOO0OO0OO0OO0O0T1
00110000001O0O0OO0OO0OO0OOO0OO0OO0OO0O0T1
0000011111 0000000000O0O0T1
coooo0o00000OO0OO0O1T1II1II1I1II1111110

graph. txt
23
coloring. txt

1

23 ) :

(

Vertex Coloring
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1(G) = 4.

OO OO HOOHAOOOH+HO OO

OO 1O O OOOOr+HOO0OOo oo

chromatic graph with a proper m-coloring
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0o000010000OO0OO0OCOO0O1T000O1I001IO0®O0DPO0
0000001 000OO0OO0OOO0OO1IO0001IO0O0O1IO00
00000001001 000001000O0O01IO0O
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coloring. txt

25 ):

(

Vertex Coloring

—_ — — —

Figure 7.17. The Grunbaum graph with a proper m-coloring

x(G) =4).

(n=25m
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7.18. The Map of India [14]. The 30 states of mainland India are shown below in Figure
7.18.1. We define the graph of India as follows. There is a unique vertex inside each
region defined by a state. There is an edge connecting two distinct vertices if and only if
the two corresponding regions have a whole segment of their boundaries in common. The
graph of India is shown below in Figure 7.18.2. We run the program on the graph of India
with n = 30 vertices. The algorithm finds a proper m-coloring of the vertices for m = x(G)
=4, and correspondingly, a proper four-coloring of the map of India.

Figure 7.18.1. The Map of India with a proper four-coloring of its 30 mainland states.
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Figure 7.18.2. The graph of India with a proper m-coloring
(n=30,m=y(G)=4).

7.19. The Mycielski 6-Chromatic Graph . We run the program on the Mycielski 6-
chromatic graph with n = 47 vertices. The algorithm finds a proper m-coloring of the
vertices for m = ¢(G) = 6.

graph. txt

coloring. txt

Vertex Coloring (47 ): (1 , 1) (2, 2) (3, 1) (4, 2)
(5,3) (6, 1) (7, 2) (8,1) (9, 2) (10, 3) (11, 4)
(12, 1) (13, 2) (14, 1) (15, 2 ) (16, 3 ) (17, 1)
(18, 2) (19, 1) (20, 2) (21, 3 ) (22, 4) (23, 5)
(24 , 1) (25, 2) (26, 1) (27, 2) (28, 3 ) (29, 1)
(30, 2) (31, 1) (32, 2) (33, 3) (34, 4) (35, 1)
(36, 2) (37, 1) (38, 2) (39, 3) (40 , 1) ( 41, 2)

(42 , 1) (43 , 2 ) (44 , 3 ) (45, 4 ) (46 , 5 ) (47 , 06)
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7.20. The Mycielski 7-Chromatic Graph

Figure 7.19. The Mycielski 6-chromatic graph with a proper m-coloring
(n=47,m=y%(G)=6).
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. We run the program on the Mycielski 7-

chromatic graph with n = 95 vertices. The algorithm finds a proper m-coloring of the
vertices form = x(G) = 7.

graph. txt

coloring. txt

Vertex Coloring
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)
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4

13
19
25
31
37
43
49
55
61
67

N N SN N N NS SN SN N~ O~

NEFEFPEPNMNMNNNREREEPRPNNEREDND>~ O

5): (1, 1) (2, 2) (3, 1)
(7, 2) (8, 1) (9, 2) (1
) (14, 1) (15, 2 ) (16 , 3
) (20, 2) (21, 3) (22, 4
) (26 , 1) (27, 2 ) (28, 3
) (32, 2 ) (33, 3) (34, 4
) (38, 2 ) (39, 3 ) (40, 1
) (44 , 3 ) (45, 4 ) (46 , 5
) (50 , 1) (51, 2 ) (52, 3
) (56 , 2 ) (57, 3 ) (58, 4
) (62, 2 ) (63, 3 ) (64,1
) (68, 3 ) (69, 4 ) (70, 5
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Figure 7.20. The Mycielski 7-chromatic graph with a proper m-coloring
(n=95m=y(G)=7).
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