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Abstract

We present a new polynomitime algorithm for finding propem-colorings of the vertices of a graph. We
prove that every graph with vertices and maximum vertex degfeenust have chromatic numbe(G)

less than or equal ©+1 and that the algorithm will always find a propescoloring of the vertices of

with mless than or equal ©+1. Furthermore, we prove that this condition is the best possible in terms of
andD by explicitly constructing graphs for which the chromatic number is exBetly In the special case
whenG is a connected simple graph and is neither an odd cycle nor a complete graph, we show that the
algorithm will always find a propem-coloring of e vertices ofs with m less than or equal tD. In the
process, we obtain a new constructive proof of Brooks' famous theorem of 1941. For all known examples
of graphs, the algorithm finds a propercoloring of the vertices of the graph for m equal to he
chromatic numbec(G). In view of the importance of the versusNP question, we askdoes there exist a

graph G for which this algorithm cannot find a propetcoloring of the vertices of G with m equal to the
chromatic numbec(G)? The algorithm is daonstrated with several examples of famous graphs, including

a proper foucoloring of the map of India and two large Mycielski benchmark graphs with hidden
minimum vertex colorings. We implement the algorithm in C++ and provide a demonstration program for
Microsoft Windows
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1. Introduction

In 1972, Karp|1] introduced a list of twentpne NP-complete problems, one of which

was the problem of trying to find a propercoloring of the vertices of a graph, whene

is a fixed integegreater than 2. Given a graph and a sehablors, one must find out if

it is possible to assign a color to each vertex such that no two adjacent vertices are
assigned the same color. Such an assignment is called a proptaring of the vertices

of agraph. Even if such a coloring exists, it can be very difficult to find in general. For
example, try to find a proper-&loring of the vertices of the Frucht grapii shown

below in Figure 1.1.

Figure 1.1.Find a proper3-coloring of the vertices

We present a new polynomitine for finding proper
m-colorings of the vertices of a graph. In Section 2, we provide precise of
all the terminology used. In Section 3, we present a formal desarigfothe
followed by a small example to show how the algorithm works-lsyep
step. In Section 4, we show that the algorithm has polyndmial . In
Section 5, we establish conditions ©f for a graph to have a proper

coloring. We prove that every graph witlvertices and maximum vertex degf@enust
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hawe chromatic number(G) less than or equal ©©+1 and that the algorithm will always
find a properm-coloring of the vertices of5 with m less than or equal t®+1.
Furthermore, we prove that this condition is the best possible in termsmd D by
explicitly constructing graphs for which the chromatic number is exd2tly. In the
special case whefs is a connected simple graph and is neither an odd cycle nor a
complete graph, we show that the algorithm will always find a propeoloring of the
vertices of G with mless than or equal . In the process, we obtain a new constructive
proof of Brooks' famous theorem of 1941. For all known examples of graphs, the
algorithm finds a propem-coloring of the vertices of the gragh for m equal to the
chromaic numberc(G). In view of the importance of the versusNP question|3], we
ask:does there exist a graph G for which this algorithm cannot find a propasloning
of the vertices of G with m egjuo the chromatic numbex(G)? In Section 6, we provide
an of the algorithm as a C++ program, together with demonstration
software for Microsoft Windows. In Section 7, we demonstthé algorithm with several

of famous graphs, including a proper faumoring of the map of India and
two large Mycielski benchmark graphs with hidden minimum vertex colorings. In
Section8, we list the

2. Definitions

We begin with precise definitions of all the terminology and notation used in this
presentation, following/|. We use the usual notatiéito denote thdloor functioni.e.
the greatest integer not greater thxaaend exgto denote theeiling functioni.e. the least
integer not less than

A simple graph Gwith n vertices consists of a setwdrticesV, with V| =n, and a
set ofedgesE, such that each edge is an unordered pair of distinct vertices. Note that the
definition of G explicitly forbids loops (edges joining a vertex to itself) amdultiple
edges(many edges joining a pair of vex#is), whence the sBtmust also be finite. We
maylabelthe verticesoGwi t h t he i nn letleaumosdered pair &f vertiées
{u, v} is an edge inG, we say that is aneighborof v (or u is adjacentto v) and write
uvi E. Neighborhood is clearly a symmetric relationshig: E if and only ifvul E. The
degreeof a vertexv, denoted byd(v), is the number of neighbors @f The maximum
degreeover all vertices o6 is denoted by. Theadjacency matrixof G is ann® n matrix
with the entry in rowu and columnv equal to 1 ifuM E and equal to O otherwise. Given
graphsG andH, theCartesian product &H is defined as the graph whose set of vertices
is V(G)3 V(H) with an edge connecting verted (1) with vertex (;,v») if and only if
eitheru; = u, and {v;, v} is an edge irH or vy = v, and {u;, uy} is an edge irG. A clique
Q of a graphG is a subset of vertices such that every unordered pair of vertiGess ian
edge. If all the vertices of a graph form a clique thengtaph is said to b@omplete A
complete graph witim vertices is denoted b, Anindependent set & a graphGis a
set of vertices such that no unordered pair of vertice$ in an edge. Given an
independent seb of G and a vertew outsideS we say thatv is adjoinableif the set
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SC{v} is still an independent set @. Denote by (S) thenumber of adjoinable vertices

of an independent s&of G. A maximal independent shas no adjoinable vertices. A
maximum independent gstan independent sefith the largest number of vertices. Note

that a maximum independent set is always maximal but not necessarily vice versa. Given
a set ofm colors {1, 2, ....m}, a proper mcoloring of the vertices of a grap@ is an
assignment of a unique color to ea@rtex of G such that no two adjacent vertices are
assigned the same color. T¢tleomatic numbec(G) of a graphG is the minimum value

of mfor which there exists a a prop®rcoloring of the vertices db.

An algorithm is a problerrsolving method suitable for implementation as a
computer program. While designing algorithms we are typically facdd avhumber of
different approaches. For small problems, it hardly matters which approach we use, as
long as it is one that solves the problem correctly. However, there are many problems for
which the only known algorithms take so long to compute theisoldhat they are
practically useless. polynomiattime algorithmis one whose number of computational
steps is always bounded by a polynomial function of the size of the input. Thus, a
polynomiattime algorithm is one that is actually useful in practitee class of all such
problems that have polynomitime algorithms is denoted by. For some problems,
there are no known polynomiaime algorithms but these problems do have
nondeterministic polynomidime algorithms try all candidates for solutions
simultaneously and for each given candidate, verify whether it is a correct solution in
polynomiattime. The class of all such problems is denotedBy ClearlyP I NP. On
the other handthere are problems that are known to beéN and are such that any
polynomiattime algorithm for them can be transformed (in polynoriirak) into a
polynomiattime algorithm for every problem iNP. Such problems are calledP-
complete The problem of trying to find a propercoloring of the vertices of a graph, for
any fixed integem greater than 2, is known to b#P-complete|1]. Thus, if we are able
to show the existece of a polynomiatime algorithm that finds a propem-coloring of
the vertices of a graph (whenever such a coloring exists, for a fixed imageater than
2), we could prove th& = NP. The present algorithm is, so far as we know, a promising
canddate for the task. One of the greatest unresolved problems in mathematics and
computer science today is whetties NP or P, NP

3. Algorithm

We now present a formal description of theoaihm. This is followed by a small
example illustrating the steps of the algorithm. We start with the Cartesian Lgriama
that allows us to convert the problem of finding a prop@oloring of the n vertices of a
graph to the logically equivalent problem of finding an independent set oh sizéhe
Cartesian produd®? K.

The Cartesian Lemma.A simple graphG with n vertices ism-colorable if and only if
the Cartesian produ@:2 K, has an independent set of size
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Proof. Suppose there is a prop@rcoloring of the vertices o6. Define a subse® of
vertices of the @rtesian produdBs K, as follows. A vertexy, v) of G2 K, belongs toS

if and only if the vertexu of G is assigned the color with respect to the propen-
coloring. Since each vertex &f is assigned a unique colo§ F n. We shall now show
thatSis an independent set. Giveny(vi) and (i, V) in S, suppose there is an edgen{(

vi), (U2, W)} In G3Kp. Then, by definition of the Cartesian product, there are two
possibilities:

T u;=uzand {vy, o} is an edge irKn,. Butu; = up impliesvs = v,, sine each vertex
in G is assigned a unique color. But then,{»1} cannot be an edge K, since
Kmis a simple graph (contradiction).

T {ug, up} is an edge inG ands = v,. But this violates the definition of a proper
coloring of G since adjacent verticesnust be assigned different colors
(contradiction).

Thus there cannot be an edge between any two verticé&s and S must be an
independent set.

Conversely, suppose there is an independerts eétsizen in the Cartesian product
G Km. We shall show tha® has a propem-coloring. If mis greater than or equal to
thenG can be triviallym-colored, so assume thatis less tham. Partition the vertices of
Sinto at mostm equivalence classé&s,, C,,..., C, where a vertexy, v) in S belongs to
the equivalence clasgs if and only ifv = v;. Clearly, this gives a wetlefined partition of
the vertices o5 Now partition the vertices @ into at mostm equivalence classé3’,
C%, ...,Cmwhere a vertexi of G belongs to the equalence clas€'; if and only if @, v)
belongs to the equivalence cl&sTo show that this gives a walkfined partition of the
vertices ofG observe that:

1 Given a vertexi of G, if u belongs to botlC'; andC'; then (, v;) belongs tcC; and
(u, v;) belongs tdC;. SinceKn is complete, ¥, vi} is an edge irKm, so {(u, v), (u,
Vj)} is an edge in the Cartesian prod®@tK. This contradicts the fact th&is an
independent set. Thus, the s8tg C',...,C', are pairwise disjoint.

T List the elenents ofSaccording to the following scheme

(U2, V), (U2 V1), ey @iy, V)

(UL, V2), (U2, V), ooy (i) V2)

O O O O

(U™, Vir)s U™, Vi) -ees @5y Vi)

If s_omeu',- = U in the list, then, sinck is complete, ¢, vi} is an edge ifKp, SO
{(u}, ), Y, v)} is an edge in the Cartesian prod@XK, This contradicts the
fact thatSis an independent set. Thus, all thethat appear in the list are distinct
and, sinceq =n, there aren distinctu|. Hence, every vertex @ is contained in
some equivalence cla€s.

Assign colori to vertexu of G if u belongs to the equivalence class This gives a
properm-coloring of the vertices d&. |
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We now define two procedures for working with independent sets in the Cartesian
productG3 K.

3.1. Procedure.Given an independent s8tof the Cartsian producG? Ky, if Shas no
adjoinable vertices, outp& Else, for each adjoinable vertax y) of S find the number

r (SG{(u, v)}) of adjoinable vertices of the independent S&{(u, v)}. Let (U, V)max
denote an adjoinable vertex such th&C{(u, V)may) IS @ maximum and obtain the
independent seBC{(u, V)mag- Repeat until the independent set has no adjoinable
vertices.

3.2. Procedure.Given a maximal independent sebf the Cartesian produ&:? K, if
there is no vertexuf, v;) outsideS suchthat (i, vi) has exactly one neighbou,(v,)
inside S outputS Else, find a vertexu, vi) outsideS such that (i, v;) has exactly one
neighbor (i, v») insideS. DefineS";'Yy V) by adjoining (i1, v1) to Sand removing,

\')

V,) from S Peform procedure 3.1 o8 ¥ ¢ ¥, and output the resulting independent
set.

3.3. Algorithm. Given as input a simple graghwith n vertices, search for a prope¥
coloring of the vertices 0. Let {uy, U, ..., Uy} denote the vertices db and ket {vi, v,

..., Vm} denote the vertices df,. We generate maximal independent sets in the Cartesian
productG? K. At each stage, if the independent set obtained has size at,|#ash go

to part Il

1 Partl. Fori=1,2,..handj=1, 2, ...min turn
o Initialize the independent s&t; = {(u;, v))}-
o Perform procedure 3.1 &h;.
o Forr=1,2,..nperform procedure 3.2 repeatetimes.
o The result is a maximal independentSet
1 Partll. For each pair of maximal independent sgtsS | found in part |
o Initialize the independent s&t;j 1 =S, ;A .
o Perform procedure 3.1 & .
o Forr=1,2,..nperform procedure 3.2 repeatetimes.
o The resultis a maximal independentSgk .

1 Partlll. If an independent s&of sizen has been found at any stage of part | or
part Il, output S as a propem-coloring of the vertices o5 according to the
Cartesian lemma. Else, report that the algorithm could not find any pneper
coloring of the vertices db.

3.4. Example.We demonstrate the steps of the algorithm with a small exampke
input graph is shown below in figure 3.1 wiil= 4 vertices labele¥ = {1, 2, 3, 4}. The
algorithm searches for a propec@loring of the vertices using the set of colors {1, 2, 3}
represented by green, red and blue respectively.
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Figure 3.1.The input graph G with a prop&coloring{(1, 1), (2, 2), (3, 3), (4, 2)}
of its vertices found by the algorithm

The algorithm first constructs the Cartesian prod&fd€s shown below in figure 3.2 with
12 vertices {(1,1), (1,2), (1,3), (2,1®,2), (2,3), (3,1), (3,2), (3,3), (4,2), (4,2), (4,3)}. We
construe the vertices {1, 2, 3} of the second compo#gras the colors green, red and
blue respectively.
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Figure 3.2.The Cartesian product 33 with an independent set
{(1, 1), (2, 2), (3, 3), (4, 2)pf size4 found by the algorithm

The algorithm now searches for an independent set of size 4 in the Cartesian product
G2 Ks. Part | fori = 1 andj = 1 initializes the independent set as

Sl,l = {(1! l)}

We now perform proceda 3.1. Here are the results in tabular form:
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Independent S&&,; ;= {(1, 1)}. Size: 1.

Adjoinable vertex, v) of S; 1 | Adjoinable vertices 08, 1C{(u, V)} | r(S.1C{(u, V)})

2, 2) (3,3), (4,2), (4,3) 3
2, 3) (3,2), (4,2), (4,3) 3
3, 2) (2,3), (4,3) 2
(3, 3) (2,2), (4,2 2
(4, 2) (2,2),(2,3),(3,3) 3
(4, 3) (2,2),(2,3), (3,2 3

Maximumr (S;1C{(u, v)}) = 3 for (u, v) = (2, 2). Adjoin vertex (2, 2) t6; 1.

Independent S&; 1= {(1, 1), (2, 2)}. Size: 2.

Adjoinable vertex g, v) of S; 1 | Adjoinable vertices 08, 1C{(u, V)} | r (S.1C{(u, V)})

3, 3) 4, 2) 1
4,2) (3, 3) 1
4, 3) None 0

Maximumr (S;1C{(u, v)}) = 1 for (u, v) = (3, 3). Adjoin vertex (3, 3) t6; 1.

Independent S&&; ;= {(1, 1), (2, 2), (33)}. Size: 3.

Adjoinable vertex, v) of S; 1 | Adjoinable vertices 08, 1C{(u, V)} | r(S.1C{(u, V)})
4, 2) None 0

Maximumr (S;1C{(u, v)}) = 0 for (u, v) = (4, 2). Adjoin vertex (4, 2) t&, 1.

We obtain a maximal independent set
Sl,l: {(1’ 1)1 (21 2)’ (3’ 3)1 (41 2)}

of the required siza = 4. Now part Il outputss, ; as the requested propec8loring of

the input graphG and the algorithm terminates. Note that we interpret the result as
follows: vertex 1 is colored with color 1 (green)rtex 2 is colored with color 2 (red),
vertex 3 is colored with color 3 (blue) and vertex 4 is colored with color 2 (red).
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4. Complexity

We shall now show that the algorithm terminates in polynetima while searching for

a properm-coloring for a graptwith n vertices, by specifying a polynomial df = nm

that is an upper bound on the total number of computational steps performed by the
algorithm. Note that we consider

T checking whether a given pair of vertices is connected by an e@jaird
1 compamg whether a given integer is less than another given integer

to beelementary computational steps

4.1. Proposition.Given a simple graps with n vertices and an independent Seof
G K., procedure 3.1 takes at moshyj° steps.

Proof. Checking whether a particular vertex is adjoinable takes at mojtsteps, since

the vertex has less tham neighbors and for each neighbor it takes less timasteps to
check whether it is outsidée independent set. For a particular independent set, finding
the number of adjoinable vertices takes at mosm® = (nm)(nm)? steps, since for each

of the at mosthm vertices outside the independent set we must check whether it is
adjoinable or notFor a particular independent set, finding a vertex for whicls
maximum then takes at mosing* = (nm)(nm)* steps, since there are at mostvertices
outside. Procedure 3.1 terminates when at mosvertices are adjoined, so it takes a
total of at mos(nm° = (nm)(nm)*s t eps . |

4.2. Proposition.Given a simple grap® with n vertices and a maximal independent set
Sof G3 Ky, procedure 3.2 takes at mostrj>+(nm)®+1 steps.

Proof. To find a vertex s, v1) outsideS that has exactly one neighban,(v,) insideS
takes at most(m)? steps, since there are less thamvertices outsid&and we must find
out if at least one of the less tham neighbors of any such vertex are insildf such a
vertex (i, vi) has been found, it takes one step to emgha(i, vi) and (i, V).
Thereafter, by proposition 4.1, it takes at mast){ steps to perform procedure 3.1 on
the resulting independent set. Thus, procedure 3.2 takes atmmyfstl(+(hm)° steps]

4.3. Proposition. Given a simple grapl with n vertices andm colors, part | of the
algorithm takes at mosiif)’+(nm)°+(nm)*+(nm)? steps.

Proof. At each turn, procedure 3.1 takes at most){ steps by proposition 4.1. Then
procedure 3.2 is performeat mostnm times which, by proposition 4.2, takes at most

nm((nm°+(hm?*+1) = @m°®+(m>*nm steps. So, at each turn, at most
(nm)>+(nm)®+(nm)>+nm steps are executed. There aneturns fori = 1, 2, ...n, andj =
1, 2, .., m, so part | performs a t@ of at mostnm((nm)’+(nm®+(nm>*+nm) =

(nm)®+(nm)“+(nm)*+(nm)? steps]
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4.4. Proposition.Given a simple grapis with n vertices andn colors, the algorithm
takes less thamn)®+2(nm)’+(nm)°+(nm)>+(nm)*+(nm)>+(nm)? steps to terminate.

Proof. There are less thanrf)? distinct pairs of maximal independent sets found by par
l, that are treated in turn. Similar to the proof of Eroposition 4.3, part Il takes less than
(nm)*((nM)>+(nm)°+(nm)>+nm) = (nm)"+(nm)®+(nm)>+(nm). Hence, part | and part II
together take less than a grand total of
((nm)"+(m)*+(nm)*+(nm))+((nm)°*+(nm) +(nm) >+(nm)°*) =
(nm)®+2(nm)’+(nm)®+(nm)>+(nm)*+(nm)°>+(nm)* steps to terminaté.

4.5. Remark.These are pessimistic upper bounds for the worst possible cases. The actual
number of steps taken by the algorithm will depend on boéimd m and, for all the
known cases when a prope¥coloring of the vertices exists, the algorithm tarates

much faster. In all of the examples in section 7, one or two steps of part | already find a
properm-coloring of the vertices of the graph.

5. Sufficiency

Givenm colors, the algorithm may be applied to any simple g@ptith n vertices. The
algorithm will always terminate in polynomiéilme, finding many maximal independent
sets in the Cartesian produ@3K,. The propositions below establish sufficient
conditions on the number of colons and the input grapks, which guarantee that the
algorithm will find maximal independent sets of size at leaist the Cartesian product
G Ky and a propem-coloring of he vertices ofG. Specifically, we prove that every
graph withn vertices and maximum vertex degieenust have chromatic numbe(G)

less than or equal t©+1 and that the algorithm will always find a prope«coloring of

the vertices ofG with m less tha or equal toD+1. Furthermore, we prove that this
condition is the best possible in termsménd D by explicitly constructing graphs for
which the chromatic number is exaciy¢1. In the special case whé&his a connected
simple graph and is neither add cycle nor a complete graph, we show that the
algorithm will always find a propem-coloring of the vertices o& with m less than or
equal toD. In the process, we obtain a new constructive proof of Brooks' famous theorem
of 1941. The following proofsse two fundamental axioms: Euclid's Division Lemma
and the Pigeonhole Princiglel.

Euclid's Division Lemma. Given a positive integem and any integen, there exist
unique integerg andr with 0 ¢ r <msuch thah = gmtr.

Pigeonhole Principle. If | letters are distributed intg pigeonholes, then some
pigeonhole receives at leadipg letters and some pigeonhole receives at néipti
letters.
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5.1. Proposition. Given a simple graplG with n vertices, m colors and an initial
independent se&& of G3 K, At each stage oprocedure 3.1, if there alevertices outside
S and the maximum degree among the vertices inSide less thand/(nm-)g then
procedure 3.1 produces a strictly larger indepeandet.

Proof. By contradiction. Suppose the independentSsist maximal. Then there are no
adjoinable vertices and every vertex outsstaust have a neighbor insi& Thus there
are at least edges (letters) with one end vertex outsstend the othr end vertex inside
S there being exactly = nm| vertices insideS (pigeonholes). By the pigeonhole
principle, some vertex insid& must receive at leasi/pg edges contradicting the
hypothesis that the maximum degree among the vertices Bisdess thaml/pa |

5.2. Proposition.Given a simplegraphG with n vertices,m colors and an independent
setSof G* Ky, procedure 3.1 always produces a maximal independent GéKgf

Proof. Procedure 3.1 terminates only when there are no adjoinable vertices. By definition,
the resulting independentsetu st be maxi mal . I

5.3. Proposition. Given a simple graplG with n vertices, m colors and an initial
maximal independent se&b of G3K,,. If there aret vertices outside the maximal
independent sef and the maximum degree among the vertices inSide les than
e2t/(nm- t)g then there exists a vertex (v1) outsideS such that ;, vi) has exactly one
neighbor (i, v») insideSand procedure 3.2 produces a maximal independent set different
from Sand of size greater than or equal to the sizg of

Proof. By contradiction. Note that sincg@is maximal, there are no adjoinable vertices
and every vertex outsid8 has at least one neighbor insi8e Suppose every vertex
outsideShas more than one neighbor ins@léhen there are at ledst 2t edges (lettrs)

with one end vertex outsidgand the other end vertex insi@ethere being exactlp =

nm-t vertices insideS (pigeonholes). By the pigeonhole principle, some vertex irSide
must receive at least/pgedges contradicting the hypothesis that the maximum degree
among the vertices insid&is less thad/pa Thus, there exists a vertex(v1) outsideS

such that (;, v;) has exactly one neighbouy( v,) inside S Now since procedure 3.2
exchangesu, vi) and (2, v2), an independent set different frdout of the same size as
Sis created. Note that in the process some vertices outsidaddygendent set might
have become adjoinable. Then, procedure 3.2 applies procedure 3.1 that produces a
maximal independent set different frdrand of size greater than or equal to the size of
S|

5.4. Proposition. Given a simple graptG with n vertices andm colors. If G has
maximum vertex degrel, then the algorithm always finds a maximal independent set in
G3 K 0of size at leastnm/(D+m)a

Proof. Note that the maximum vertex degree of the t€an grap82K, is
D+m- 1.Consider any one turn of part | in the algorithm. Afterertices have been

COPYRIGHT © 2006 ASHAYDHARWADKER
http://www.dharwadker.oryertex_coloring



THE VERTEX COLORING ALGORITHM 13

adjoined from a total afim, there aré = nm-t vertices outside the independent Seind

the maximum degree among the vertices inSigdecertainly Iss than or equal ©+m- 1.

By proposition 5.1, ifD+rm-1 is less thand/(nml)g= &nm t)/(nm (nm-t))g=
enm-t)/te= gnm't)- 14 then a strictly larger independent set is produced by adjoining a
vertex. Hence, as long &ss less tharenm/(D+m- 1+1)a= ennV/(D+m)g a vertex can still

be adjoined and procedure 1 continues. Thus, at éea#{D+m)g@vertices are adjoined,
producing an independent set of size at I@st(D+m)a By propositions 5.1, 5.2 and
5.3, all of the independent sets produced by theridiign are maximal and of size at
leastenm/(D+rm)a 1

5.5. Proposition.Let G be a simple graph with vertices and maximal vertex degiBe
Given m colors wherem is greater than or equal ©t1, the algorithm always finds a
properm-coloring of the veices ofG.

Proof. We shall show that the size of any maximal independeng detind by the
algorithm in the cartesian grap@ K, is at leastn, by contradiction. Suppose the
independent seb = {(u1, v1), (U2, V2), ..., Uk, W)} IS maximal andk is less tham. Note
thatus, U, ..., ux must bek distinct vertices ofs sinceu; = u; implies that there is an edge
between , vi) and (4, vj) in G® Ky, sinceKy, is complete. Let be a vertex o6 different
from uy, Uy, ..., U« Then, for each vertex of K, the vertex (, v) of G K, is outsideS
and must have a nieghbor 8sinceSis a maximal independent set. The only way the
vertex (i, v) can have a neighbou(Vv;) in Sis if v=yv andu is a neighbor ofj in G.
Thus the degree of the vertexs greater than or equal to in G. This contradicts the
hypothesis thamis greater than or equal B 1 . 1

5.6. Corollary. For any simple grapls with maximal vertex degreB, the chromatic
numberc(G) is less than or equal @+1.

Proof. By proposition5.5, the algorithm always finds a propercoloring of the vertices
of GformequaltoD+ 1 . |

5.7. Proposition.Given any positive integersandD such that < Dn, tkere exists a
graphG with maximum vertex degrd@ and chromatic numbe(G) = D+1. For any such
graph the algorithm always finds a propercoloring of the vertices d& for m equal to

D+1.

Proof. Let n = q(D+1)+ with 0 ¢ r < +D by Euclid's division lemma. There are two
cases.

1 Casel. Suppose = 0. DefineG to be the graph consisgrof g disjoint cliques
Qy, ...,Qq with D+1 vertices each. Theais a graph with maximum vertex degree
D. Each of the disjoint cliques has a propecoloring withm = D+1 colors and
this is the minimum value afn for which the clique has a proparcoloring,
since each vertex of the clique must be assigned a different color. FPneper
coloring of all theq disjoint cliques gives a propercoloring of G and this is the
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minimum value ofm for which G has a propem-coloring. Thus, the chromatic
numberc(G) = D+1. By proposition 5.5, the algorithm finds a propecoloring
of the vertices oG with m= D+1 colors.

1 Case2. Suppose is positive. DefineG to be the graph consisting gfdisjoint
cliquesQy, ...Qq with D+1 vertices each and a disjoint cligRewith r vertices.
ThenG is a graph with maximum vertex degrieeEach of the disjoint cliqued;
has a propem-coloring withm = D+1 colors and this is the minimum valuerof
for which the cliqueQ; has a propem-coloring, since each vertex of the cli
must be assigned a different color. The cli@ueertainly has a propen-coloring
where not all of then colors are used, sinage< +D. Propem-coloring of the
disjoint cliguesQ, ...Qq and the disjoint cligu® gives a propem-coloring ofG
and this is the minimum value ah for which G has a propem-coloring. Thus,
the chromatic numbec(G) = D+1. By proposition 5.5, the algorithm finds a
properm-coloring of the vertices ddwithm=D+1 col or s. I

5.8. Proposition.Let G be a simple graph witn vertices and maximal vertex degriee
If Gis a connected and is neither an odd cycle nor a complete graph, then the algorithm
finds a propem-coloring of the vertices db for somemless than or equal .

Proof. The proposition is trivial ifiis less than 3, so assume thas at least 3. Letn =

D. First suppose thds is a simple path or an even cycle. Thar D = 2 and the first
turn of part | will find a maximal independent et {(us, 1), Uz, 2), Us, 1), U4, 2), ...,
(un-1, 1), Un, 2} with alternating colors 1 and 2 such that the simple path or even cycle
Uz, U, Us, Uy, ..., Un1, Uy cONsists of all the vertices & Thus, ifG is a simple path or an
even cycle then the algorithm finds a properoloring of G. SinceG cannot be amdd
cycle by hypothesis, from now on let us assume @& neither a simple path nor a
cycle. SinceG is not complete, there exist three vertiogsl”, u™ such that §', u"}, { u”,
u"} are edges o6 and {u', u™} is not an edge oG. Letu; = u'andv; = 1. LetS= {(uy,
Vi), (Uz, Vo), ..., Uk, V)} be the maximal independent set@fK,, generated by the turn of
part | starting with (1, vi) and supposk is less tham. Note thatu, Uy, ..., ux must bek
distinct vertices ofs sinceu; = u; implies that there is an edge betwean\() and (;, v;)

in G2 Ky, sinceKy, is complete.

1 (i) Supposeau is vertex ofG distinct fromug, U, ...,u. Then @, 1), @, 2), ..., (4,
m) are all outsidé&s. SinceSis a maximal independent set, there musineiges
{(u, 1), G, D} {(U, 2), Uiy, 2} ..., {U, M), Uign, M} in G*Kpy. Thusu hasm
neighborsuiy, Uie), ..., Um in G. Sincem = D by hypothesisy has maximum
degreeD in G andui), Ui), ..., Uim) are all the neighbors afin G. This implies
that each, j) has exactly one neighbau(, j) in S forj =1, 2, ... m. Thus, for
eachj = 1, 2, ....m, we can form the maximal independent S&t"“ 7 by
adjoining (, J) to S removing Gig), j) from Sand performingrocedure 3.1.

T (ii) Suppose there are more than one vertiges Uy, ... of G distinct fromuy,
Uz, ..., Ux. SinceG is connected, there is a path fram; to U2 in G, sayuy =
W1, W, ..., W = U2, Starting fromws in the path, letv = ug+2 be the first vertex
that is distinct fromuy, W, ..., U, U1 Then Wy, Vi), ..., Wi-1, Vie-1)) all belong to
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S for some verticesy), ..., Vi¢-1) of Kn. By (i), we can generate a sequence of
maximal independent sets as follows:
o S =S Yu)" Ve, maximal independent set obtained by adjoining (
Vi) t0S removmg Wz, Vi2)) from Sand performing procedure 3.1.
o $=5""2""" @/, maximal independent set obtained by adjoinimg (
Vj2)) t0 S;, removing Y, Vi) from S; and performing procedure 3.1.

o Si1 = So%a Vg™ Yy, maximal independent set obtained by
adjoining (V1 Vj(-1)) to S5, removing Wi, Vi) from S and performing
procedure 3.1.

Note that in this pragss every element &that was removed was replaced back
and (v, Vjq) = (U1, Vi) (and possibly others) were adjoined. This means that
S.1is a maximal independent set that properly contains the maximal independent
setS a contradiction. Hencéhere can be at most one verigx; of G distinct
fromug, Uy, ..., Uk

(i) By (ii) and the assumption thiis less tham, the maximal independent set
= {(ug, v1), (U2, V2), ..., Un1, Vn-1)} @nd there is exactly one vertex of G distinct
fromuy, Uy, ..., Un1.
(iv) We shall derive a contradiction to (iii) by following through the construction
of the maximal independent st Consider the turn of part | starting wigh=
{(u', 1)}. Now procedure 3.1 is performed. The adjoinable vertigeg) (of Sare
vertices ofG? K, of the following two types:
o Type 1.(uis distinct fromu'in G) and ({u, u’} is not an edge ifs) and ¢
=1inKy)
or
o Type 2.(uis distinct fromu' in G) and g is distinct from 1 irKp).

Now suppose a vertexi,(v) is ajoined andS = {(u', 1), @, Vv)}. There are two
cases:

o Case 1If (u, V) is a vertex of type 1, then the adjoinable verticey)(of
Sare vertices 063 K, of the following two types:
A Type 1(a).(x, u', u are distinct inG) and ({, u’} is not an edgin
G) and (fx, u} is not an edge i) and = 1 inKp)
or
A Type 1(b).(x, u', uare distinct inG) and { is distinct from 1 in
Km).
o Case 2If (u, V) is a vertex of type 2, then the adjoinable verticey)(of
Sare vertices 063 K, of the following three types:
A Type 2(a).(x, U', u are distinct inG) and ({x, u’} is not an edge in
G)and f=1inKy)
or
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A Type 2(b).(x, u', uare distinct inG) and (fx, u} is not an edge in
G) and f=vin Ky)
or

A Type 2(c).(x, u', u are distinct inG) and(y, 1,v are distinct irky,).

We now show that there are at least as many adjoinable vertices in case 1 as there
are in case 2, as follows:

o In case 2, if X, y) is adjoinable of type 2(b), then the same| is
adjoinable of type 1(b) in case 1.

o In cese 2, if & y) is adjoinable of type 2(c), then the same ) is
adjoinable of type 1(b) in case 1.

o In case 2, supposg, (y) is adjoinable of type 2(a). Now sin€eis neither
a simple path nor a cycle, the maximum deddeem s at least 3. Hence
there exists a vertex' distinct from 1 andv in K, Then & V') is
adjoinable of type 1(b) in case 1, ensuring that we have not counted the
same X, V') more than once.

We now show that there is at least one more adjoinable vertex in case 1 compared
to case 2. Lett=u™. Then forx = u" in case 2,4", y) must be adjoinable of type

2(c) becausey, u"} and {u", u™} are edges oG. There are onlyn- 2 choices for

y, sincey, 1, v are distinct inKy, by definition of type 2(c). All theseu(, y) are

also adjoinable of type 1(b) in case 1. However, in case 1, there is an extra choice
available, namelyy = v. Thus, the numbar of adjoinable verticesf&s= {(u’, 1),

(u, v)} is strictly greater in case 1 wherg, (v) is of type 1 and procedure 3.1
adjoins (1, v) of type 1. Continuing in this way, comparing vertices<z8K,, of

type 1 and type 2 pairwise and applying procedure 3.1, we must arrive at an
independent se&&= { (uy, v1) = (U', 1), U2, 1), ..., (, 1)} whereu is such that for
somex, {u, x}, {X, w} are edges ofG and {u', u} is not an edge ofc. By
hypothesis such vertices exist and we may assume without loss of generality that
U = u™ andx = u". Continuing to apply procedure 3.1 we finally arrive at a
maximal independent s&= { (u, v1) = (U, 1), Uz, Vo), ..., U, 1) = (U™, 1), ...,

(un-1, Vre1)} @nd there is exactly one vertex of G distinct fromuy, Uy, ..., U1

Now there are two cases:

o Case 1'.u, = u". SinceD = mandu" has two neighbors, u™ both of
color 1, at mostm-2 other colors are adjacent wd. Including 1, at most
m-1 colors are adjacent to' and there is always a colet left for u". But
then we can adjoiny,, v,) = (U", v") to the maximal independent sgta
contradiction.

o Case 2'.uyand u" are distinct. Themn" is one ofuy, Uy, ...,Us1. SinceG is
connected, there is a path framto u", sayu, = wi, Wy, ...,w; = U". Then
(W2, Vi), ..., -1, Vjg-1)) all belong toS for some vertices;), ..., Vjg-1) Of
Km. By (i), we can generate a sequence of maximal independent sets as
follows:

COPYRIGHT © 2006 ASHAYDHARWADKER
http://www.dharwadker.oryertex_coloring



THE VERTEX COLORING ALGORITHM 17

A S =S M Va)¥ Y, maximal independent set obtained by
adjoining (v1, V1)) to S, removing (2, Vj2)) from Sand performing
procedure 3.1.

A S = 5% Y™ %), maximal independent set obtained by
adjoining (v, Vi) to S, removing s, V) from S and
performing procedure 3.1.

A Si1= S0 %™ Y, maximal independent set obtained by
adjoining (M-1, Vjg-y) to S, removing W, Vvip) from S, and
performing procedure 3.1.

Note that in the process

A (Un, Vi) = (W, Vi) was adjoined and never removed.
A (u", vin) = (W, Vjg)) was removed and never adjoined.
A Every other element was removed and replaced back.

o Thus,S1 = {(u'y, V1), (U2 V), ..., U1, Vine)} is @ maximal independent
set wherau'y, U', ..., U'n1 are distinct vertices db, u" is distinct fromu'y,
Uy, ...,U'n1 and for some, j we have (', vi) = (u', 1), @}, vj) = U™, 1).
Now, exactly as in case 1', we obtain a contradiction.

By (i), (ii), (iii) and (iv), we must havé& = n and the maximal independent &t {(uy,
V1), (U2, V2), ..., n, Vn)}. Thus, the algorithm finds a propercoloring of the vertices of
G 1

5.9. Corollary [Brooks' Theorem, 1941].Let G be a simple graph with vertices and
maximal vertex degreb. If G is a connected and is neither an odd cycle nor a complete
graph, then the chromatic numbe{G) is less than or equal i

Proof. By proposition 5.8, the algorithm finds a propecoloring of G for somem less
than or equal t®. T

5.10. Question.For all known examples of graphs, the algorithm finds a proper
coloring of the vertices of the graghfor mequal to the chromatic numbe(G). In view

of the importance of thB versusNP question 3|, we askdoes there exist a graph G for
which this algoritim cannot find a proper fooloring of the vertices of G with m equal to
the chromatic numbes(G)?
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6. Implementation

We demonstrate the algorithm with a C++ program following the stylé//ofThe
demonstration program package contains a detailed help file and section 7
gives several examples of input/output files for the program.

=10l x|

Input File  Dutput File  Wizwalizer Examplez Help

DEMONSTRATION PROGRAM

THE VERTEX COLORING ALGORITHM

=10] %]
Ml Fi= Edit Seach Help
10 =]
a1 886161080008
1818860601008
a1 a1aB88018
aAa1a1a8881
186181008008
aaBaBs1TBaBE118
18608000811
a1 88818881
afa1ea110008
aaBA1TaBa110a8 ;
& colo -10] x|
File Edit Search Help
1. Vertex Coloring { 18 ): {1 , 1)y (2 ,2 ) =
{3 ,1)y{48,2)(5,3) (6,1}
(7,2 {(8 ,3)Y(9,3) (18,1} h
| | Ay
m = I3 Color vertices wzing at mozt m colors

Figure 6.1.Demonstration prograrfor Microsoft Windows$
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vertex_coloring.cpp
#include <iostream>
#include <fstream>
#include <string>
#include <vector>

using namespace  std;

bool
int

vector< int
cover);
vector< int
cover, int
in t cover_size(vector< int > cover);
ifstream infile ( "graph.txt" );
ofstream outfile ( "coloring.txt" );

int  main()

{

> procedure_1(vector<vector<

> procedure_2(vector<vector<
K);

/IRead Graph
cout<< "Vertex Coloring Algorithm." <<endl;

int C, N,
infile>>N;

n, i, j, k, K, p, g, r, s, min, edge, counter=

vecto r<vector< int >> Graph;

for (i= O;
{

vector<

i<N: i++)

int > row;

for (j= 0;j<N;j++)

infile>>edge;
row.push_back(edge);

}
Graph.push_back(row);

}

/ICOLORING to INDEPENDENT SET conversion

cout<< "Graph has N =" <<N<<" vertices. " <<endl;
cout<< "Find a vertex coloring using at most C colors. Enter C ="

cin>>C;

/[Complete garph on C verteices
vector<vector< int >>KC;

vector<
for (int
for (int
for (int

int >rowl;
i= 0; i<C; i++) rowl.push_back( 1);
i= 0; i<C; i++) KC.push_back( rowl);
i= 0; i<C; i++) KCJi][i]= 0;

/[Cartesian product of Graph and KC
vector<vector< int > > graph;

vector<
for (int
for (int
for (int
for (int

int > rowind;
i= 0; i<C*N; i++) rowind.push_back( 0);
i= 0; i<C*N; i++) graph.push_back(rowind);
i= 0; i<C*N;i++)
j= 0; J<C*N; j++)

int i_G=i/C, i_KC=i%C, j_G=j/C, |_KC=j%C;

if ((_G==j_G)&& (KC[i_KC][i_KC]==

1)) graph(i][j]=

if ((Graph[i_G][j_G]== 1) && (i_KC==j_KC)) graphlil[j]=

}
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/IAssign parameters for finding independ ent sets in the graph
n=N*C; K=n/C; k=n  -K;

/I[Find Neighbors

vector<vector< int > > neighbors;

for (i= 0;i<graph.size(); i++)

{
vector< int > neighbor;
for (j= O; j<graphli].size(); j++)
if (graphl[il[j]== 1) neighbor.push_back(j);
neighbors.pu  sh_back(neighbor);

}

/[Find Independent Sets

bool found= false ;

cout<< "Finding Vertex Colorings..." <<endl;
min=n+ 1;

vector<vector< int > > covers;

vector< int > allcover;

for (i= O;i<graph.size(); i++)

allcover.push_back( 1);

for (i= 0;i<allcov  er.size(); i++)

{
if (found) break ;
counter++; cout<<counter<< "." ;  outfile<<counter<<
vector< int > cover=allcover;
cover[il=  0;
cover=procedure_1(neighbors,cover);
s=cover_size(cover);
if (s<min) min=s;

if (S<:k)

{

outfil  e<<"Vertex Coloring (" <<n-s<<'): "

for (j= 0; j<cover.size(); j++) if (coverfj==  0)

outfilec<  "(" <<gj/C+ 1<<"" <<j%C+1<<")"
outfile<<endl;
cout<< "Vertex Coloring Size: " <<n- s<<endl;
covers.push_back(cover);
found= true ;
break ;

for (= 0;j<n -Kk;j++)
cover=procedure_2(neighbors,cover,j);
s=cover_size(cover);
if (s<min) min=s;
outfile<<  "Vertex Coloring (" <<n-s<<") "
for (j= O; j<cover.size(); j++) if (cover[jl== 0)
outfile<<  "(" <<j/C+ 1<<"" <<j%C+1<<")"
outfile<<endl;
cout<< "Vertex Coloring Size: " <<n- s<<endl;
covers.push_back(cover);
if (s<=k){ found= true ; break ;}
}
/[Pairwise Intersections
for (p= 0; p<covers.size(); p++)

if (found) break ;
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for (g=p+ 1; g<covers.size(); q++)

if (found) break ;

counter++; cout<<counter<< "." ;  outfile<<counter<< P
vector< int > cover=allcover;

for (r= 0; r<cover.size(); r++)

if (covers|[p][r]== 0 && covers[q][r]== 0) coverr]= 0;
cover=procedure_1(neighbors,cover);

s=cover_size(cover);

if (s <min) min=s;

if (s<=k)

{

outfile<<  "Vertex Coloring (" <<n-s<<): "

for (j= 0; j<cover.size(); j++) it (cover[j==  0)

outfilec<  "(" <<j/C+ 1<<"" <<j%C+1<<")" ;
outfile<<endl;

cout<< "Vertex Coloring Size: " <<n- s<<endl;
found= true ;

break ;
}

for (j= 0;j<k;j++)

cover=procedure_2(neighbors,cover,j);

s=cover_size(cover);

if (s<min) min=s;

outfile<<  "Vertex Coloring (" <«<n-s<<): "

for (j= O; j<cover.size(); j++) if (cover[j]== 0)
outfilec<  "(" <<gj/C+ 1<<"" <<%C+1I<<") "

outfile<<endl;

cout<< "Vertex Coloring Size: " <<n- s<<endl;
if (s<=k){ found= true ; break ;}
}
if (found) cout<< "Found complete Vertex Coloring using at most "
colors." <<endl;
else cout<< "Could not find complete Vertex Color ing using at most
" <<C<<" colors." <<end|
<<"Maximum partial Vertex Coloring found for " <<n- min<<™"
vertices." <<endl;
cout<< "See coloring.txt for results." <<endl;
system( "PAUSE");
return  0;
}
bool removable(vector< int > neighbor, vector< int > cover)

bool check= true ;
for (int i= 0; i<neighbor.size(); i++)
if (cover[neighbor[i]]== 0)

check= false ;
break ;

return  check;

}
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int  max_removable(vector<vector< int > > neighbors, vector< int > cover)
{
int r=-1, max= -1,
for (int i= 0;i<cove r.size(); i++)
if (cover[i]== 1 && removable(neighbors|i],cover)== true )

vector< int > temp_cover=cover;
temp_cover[i]= 0;
int  sum=0;
for (int j= 0; j<temp_cover.size(); j++)
if (temp_cover[j]== 1 && removable(neighbors[j], temp_cover
sum-++;
if (sum>max)
{
max=sum;
r=i;
}
}
}

return r

}

vector< int > procedure_1(vector<vector< int > > neighbors, vector<
cover)
{ .
vector< int >temp_cover=cover;
int r=0;
while (r'= -1)
{
r= max_removable (neighbors,temp_cover);
if (r'= -1)temp_cover[r]= 0;
}

return  temp_cover;

}

vector< int > procedure_2(vector<vector< int > > neighbors, vector<
cover, int K)

int count= 0;

vector< int >temp_cover=cover;

int i=0;
for (int i= 0; i<temp_cover.si ze(); i++)
if (temp_cover[i]== 1)

int  sum=0, index;
for (int j= 0; j<neighbors]i].size(); j++)

if (temp_cover[neighbors]i][j]]== 0) {index=j; sum++;}
if (sum==1 && cover[neighbors[i][index]]== 0)
{
temp_cover[neighbors][i][index]]= 1;
temp_cover[i]= 0;
temp_cover=procedure_1(neighbors,temp_cover);
count++;
}
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if (count>k) break ;
}
}

return temp_cover,

}

int  cover_size(vector< int > cover)

{

int count= O;

for (int i= 0; i<cover.size(); i++)
if (cover[i]== 1) count++;
return count;

}

Figure 6.2.C++ program for the vertex coloring algorithim

7. Examples

We demonstrate the algorithm by running th®goam on several famous graphs,
including a proper foucoloring of the map of India and two large Mycielski benchmark
graphs with hidden minimum vertex colorings. In each case, the algorithm finds a proper
m-coloring of the vertices of the grapB® in polynomiattime with m equal to the
chromatic numbec(G).

7.1. The Tetrahedron|8|. We run the program on the graph of the Tetrahedronmth
4 vertices. The algorithm finds a propescoloring ofthe vertices fom=c(G) = 4.

graph.txt
4
0111
1011
1101
1110

coloring.txt
Vertex Coloring (4):(1,1)(2,2)(3,3)(4,4)
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Figure 7.1.The graph of the Tetrahedron with a propercaoloring
(n=4,m=c¢c(G)=4).

7.2. The Kuratowski Bipartite Graph K3, 3/9]. We run the program on the Kuratowski
bipartite graphKs 3 with n = 6 vertices. The algorithm finds a propeicoloring of the
vertices brm=c(G) = 2.

graph.txt
6
000111
000111
000111
111000
111000
111000

coloring.txt
Vertex Coloring (6):(1,1)(2,1)(3,1)(4,2)
(5,2)(6,2)
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Figure 7.2. The Kuratowki graph Kg s with a proper mcoloring
(n=6,m=c(G)=2).

7.3. The Octahedron/8]. We run the program on the graph of the Octahedronmwitl®
vertices. The algorithm finds a propefcoloring of the vertices fom=c(G) = 3.

graph.txt
6
011011
101101
110110
011011
101101
110110

coloring.txt
Vertex Coloring (6):(1,1)(2,2)(3,3)(4,1)
(5,2)(6,3)
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Figure 7.3. The graph of the Octahedron with a propexcoioring
(n=6,m=c(G)=3).

7.4. The BondyMurty Graph G;[4]. We run the program on the Bor®jurty graph
G; with n = 7 vertices. The algorith finds a propem-coloring of the vertices fom =

c(G) =4.

graph.txt

=
0110110
1011010
1101100
0110001
1010001
1100001
0001110

coloring.txt
Vertex Coloring (7):(1,1)(2,2)(3,3) (4,1)
(5,2)(6,3)(7,4)
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Figure 7.4.The BondyMurty graphG; with a proper racoloring
(n=7,m=¢c(G)=4).

7.5. The Wheel GraphWsg [4]. We run the program otine Wheel grapis with n = 8
vertices. The algorithm finds a propefcoloring of the vertices fan=c(G) = 4.

graph.txt

8
01000011
10100001
01010001
00101001
00010101
00001011
10000101
11 111110

coloring.txt
Vertex Coloring (8):(1,1)(2,2)(3,1)(4,2)
(5,1)(6,2)(7,3)(8,4)
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Figure 7.5.The Wheel graph ¥With a proper mcoloring
(n=8,m=c(G)=4).

7.6. The Cube 8]. We run the program on the graph of the Cube with8 vertices. The
algorithm finds a propemn-coloring of the vertices fan=c(G) = 2.

graph.txt

8

01010100
10100010
0101000 1
10101000
00010101
10001010
01000101
00101010

coloring.txt
Vertex Coloring (8):(1,1)(2,2)(3,1)(4,2)
(5,1)(6,2)(7,1)(8,2)
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Figure 7.6.The graph of the Gbe with a proper rtoloring
(n=8,m=c(G)=2).

7.7. The Petersen Graph10]. We run the program on the Petersen graph with10
vertices. The algorithm finds a propefcoloring of the veices form=c(G) = 3.

graph.txt

10
0100101000
1010000100
0101000010
0010100001
1001010000
0000100110
1000000011
0100010001
0010011000
0001001100

coloring.txt
Vertex Coloring (10):(1,1)(2,2)(3,1)(4,2)
(5,3)(6,1)(7,2)(8,3)(9,3)(10,1)
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Figure 7.7.The Petersen graph with a properauoloring
(n=10,m=c(G) =3).

7.8. The Bory-Murty graph G;[4]. We run the program on the Bontjurty graphG,
with n= 11 vertices. The algorithm finds a propexcoloring of the vertices fan = c(G)
=3.

graph.txt

11
001111011 11
00111101111
11010010000
11100010000
11000110000
11001010000
00111101111
11000010100
11000011000
11000010001
11000010010

colorin  g.txt
Vertex Coloring (11):(1,1)(2,1)(3,2)(4,3)
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(5,2)(6,3)(7,1)(8,2)(9,3)(10,2)
(11,3)

Figure 7.8. The BondyMurty graph G with a proper mcoloring
(n=11,m=c(G) =3).

7.9. The Grotzsch Graph . We run the program on the Grotzsch graph with 11
vertices. The algorithm finds a propefcoloring of the vertices fan=c(G) = 4.

graph.txt

11
0111110000 0
10000010100
10000001010
10000000101
10000010010
10000001001
01001001001
00100110100
01010001010
00101000101
00010110010
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coloring.tx t

Vertex Coloring (11):(1,1)(2,2)(3,2)(4,2)
(5,2)(6,2)(7,1)(8,3)(9,1)(10,3)
(11,4)

Figure 7.9.The Grotzsch graph with a properenloring
(n=11,m=c(G) =4).

7.10. The Chvdal Graph . We run the program on the Chvéatal graph with 12
vertices. The algorithm finds a propercoloring of the vertices fan = c(G) = 4.

graph.txt

12
010010100100
101 001010000
010100101000
001010010100
100101001000
010010000101
101000000011
010100000011
001010000011
100101000010
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000000111100
000001111000

coloring.txt

Vertex Coloring (12):(1,1)(2,2)(3,1)(4,2)
(5,3)(6,1)(7,3)(8,1)(9,4)(10,3)(11,2)
(12,2)

Figure 7.10.The Chvatal graph with a proper-ooloring
(n=12,m=c(G) =4).

7.11. The Icosahedrons|. We run the program on the graph of the Icosahedronnwth
12 vertices. The algorithm finds a propeicoloring of the vertices fan=c(G) = 4.

graph.txt

12
011001110000
101111000000
110100011000
011010001100
010101000110
110010100010
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100001010011
101000101001
00110001010 1
000110001011
000011100101
000000111110

coloring.txt

Vertex Coloring (12):(1,3)(2,1)(3,2)(4,3)
(5,4)(6,2)(7,4)(8,1)(9,4)(10,1)(11,3)
(12,2)

Figure 7.11.The graph of the Icosahedron with a propecatoring
(n=12,m=c(G) =4).

7.12. The BondyMurty graph Gz |4].We run the program on the Bonr®urty graph
Gs with n = 14 vetices. The algorithm finds a propercoloring of the vertices fom =
c(G) =2.

graph.txt
14
00010001000100

COPYRIGHT © 2006 ASHAYDHARWADKER
http://www.dharwadker.oryertex_coloring


http://www.dharwadker.org/vertex_coloring/

THE VERTEX COLORING ALGORITHM

00100010001000
01010000000001
10101000000000
00010100010000
0000101 0000010
01000101000000
10000010100000
00000001010001
00001000101000
01000000010100
10000000001010
00000100000101
00100000100010

coloring.txt

Vertex Coloring (14):(1,1)(2,2)(3,1)(4,2)
(5,1)(6,2)(7,1)(8,2)(9,1)(10,2)(11,1)
(12,2)(13,1)(14,2)

Figure 7.12.The BondyMurty graphG; with a proper mcoloring
(n=14,m=c(G)=2).
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7.13. The BondyMurty graph G4 [4]. We run the program on the Bon®urty graph
G4 with n = 16 vertices. The algorithm finds a prope«coloring of the verticefor m =

c(G) =3.

graph.txt

16
0000010000001000
0000001001000000
0000010000001000
0000000000100000
0000000100000000
1010000000100000
0100000010 000000
0000100000010100
0000001000000010
0100000000000010
0001010000000000
0000000100000000
1010000000000000
0000000100000000
00 00000011000001
0000000000000010

coloring.txt

Vertex Coloring (16 ):(1,1)(2,1)(3,1)(4,2)
(5,1)(6,2)(7,2)(8,2)(9,1)(10,2)(11,1)
(12,1)(13,2)(14,1) (15, 3)(16,1)
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Figure 7.13.The BondyMurty graphG, with a proper mcoloring
(n=16,m=c(G) =3).

7.14. The Ramsey GrapiR(4,4)

. We run the program on the Ramsey gr&th,4)

with n =17 vertices. The algorithm finds a propercoloring of the vertices fam = c(G)

= 6.

graph.txt

17
01101000110001011
10110100011000101
11011010001100010
011011010001100
10110110100011000
01011011010001100
00101101101000110
00010110110100011
10001011011010001
11000101101101000
01100010110110100
00110001011011010
00011000101101101
10001100010110110

01
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01000110001011011
10100011000101101
11010001100010110

coloring.txt

Vertex Coloring (17 ) '(1,2)(2,1)(3,3)(4,4)
(5,1)(6,2)(7,6)(8,5)(9,4)(10,3)(11,2)
(12,6)(13,5)(14,4)(15,3)(16,1)(17,6)

Figure 7.14. The Ramsey graph(84)with a proper racoloring
(n=17,m=c(G) =6).

7.15. The Dodecahedrong|. We run the program on the graph of the Dodecahedron
with n = 20 vertices. The algorithm finds a propercoloring of the vertices fam = c(G)
=3.

graph.txt

20
01001000000001000000
10100000000100000000
01010000010000000000
00101001000000000000
10010100000000000000
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