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Abstract

We present a new polynomitine algorithm for determining whether two given grap
are isomorphic or not. We prove that the algorithm is necessary and sufficient for s
the Graph Isomorphism Problem in polynortiate, thus showing that the Grap
Isomorphism Problem is iR. The semiotic theory for the recognition of graph structt
is used to define a canonical form of the sign matrix of a graph. We prove the
canonical form of the sign matrix is uniquely identifiable in polynottiae for
isonorphic graphs. The algorithm is demonstrated by solving the Graph Isomorg
Problem for many of the hardest known examples. We implement the algorithm in
and provide a demonstration program for Microsoft Windfoesvnload].

1. Introduction

One of the most fundamental problems in graph theory iSStaph Isomorphism Problem
given two graphsGa and Gg, are they isomorphic? Grapl, and Gg are said to be
isomorphicif their vertices can be rearranged so that the corresponding edge stisic
exactly the same. To show that gra@sandGg are isomorphic, it suffices to find one su
rearrangement of vertices. On the other hand, to shovsiaidGg are not isomorphic, one
must prove that no such rearrangement of vertices can exist. Wéttgnod algorithm, this
problem can be very difficult to solve even for relatively small graphs.

Figure 1.1.Are graphs G and Gs isomorphic?
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We present a new polynomitiine GRAPH ISOMORPHISM ALGORITHM for determining
whether two given graphs are isomorphic or not. If the given graphs are isomorph
algorithm finds an explicit isomorphism function in polynontiate. In Section 2, we
provide precis®EFINITIONS of all the terminology used and inthace the essential conce
of a sign matrix according to the semiotic theory for the recognition of graph structu
Section 3, we present a formal description of sAbheorITHM followed by an example tc
show how the algorithm works stéyy-step. In Sedvn 4, we prove that the algorithm |
NECESSARY AND SUFFICIENT for solving the Graph Isomorphism Problem: if graghsand

Gg are isomorphic, then the algorithm finds an explicit isomorphism function; if g@gph
andGg are not isomorphic, then the algorithm determines that no isomorphism functic
exist. In Section 5, we show that the algorithm has polynetnie@ COMPLEXITY . Thus, we
prove that the Graph Isomorphism Problem is Rn In Section 6, we provide a
IMPLE MENTATION of the algorithm as a C++ program, together with demonstre
software for Microsoft Windows. In Section 7, we demonstrate the algorithm by solvin
Graph Isomorphism Problem for severaAMPLES of graphs in the hardest known cases.
Sectbn 8, we list theREFERENCES.

2. Definitions

To begin with, we present elementary definitions of all the terminology used, foll¢®jing
Thereafter, we introduce the essential concept of a sign matrix according to the st
theory for the recognition of graph structure, followjag

A finite simple graph @onsists of a set afertices V with M| =n, and a set oédges Esuch
tha each edge is an unordered pair of distinct vertices. The definition of a simple@r
forbidsloops(edges joining a vertex to itself) anaultiple edgegmany edges joining a pai
of vertices), whence the sBtmust also be finite, withE] = m. We label the vertices oG
with the integers 1, 2, ..n. If the unordered pair of vertices,{V} is an edge InG, we say
thatu is adjacentto v and writeuvN E. Adjacency is a symmetric relationshipuN E if and
only if vuN E. Thedegreeof a vertexv is the number of vertices that are adjacent.té
(u, v)-path Pin G is a sequence of distinct vertiaes vy, Vo, ...,k =V such thawvi., N E for

i =1, 2, ...,.k-1. If such a (, v)-path P exists, then the verticas and v are said to be
connectedy a path ofengthk-1.

Given any pair of verticesi(V) in G, we define thelistance

d(u,v) = 0,ifu=v,
d(u, v) = the length of a shorteat,(v)-path, ifu andv are connected, ar
dluv) = b, ot her wi se.

We now introduce the kepgredients of semiotic theory. For any pair of vertiags) in G,
thecollateral graph Guvis defined as follows:

T If uv™ E, thenGluv is obtained by deleting the edge from G while preserving all
the vertices ofz. We use the binary sign + to digjuish the distance function in thi
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case.
T If uve E, thenGluv= G. We use the binary signto distinguish the distance functio

in this case.

Thepair graph Gy, for any pair of vertices( v) in G is defined as follows:

T wis a vertex of5y, if and only ifw belongs to a shorteat,(v)-path inG\uv, and
T wxis an edge o6, if and only ifwxis also an edge @3.

For any pair of verticesu(v) in G, we write the ¢, v)-sign denoted by the symbsl,, as
follows:

Sw =% Ou . N . My
where

the leading binary sign is positiveuf/N E, or negative iuve E;
duv is the distanceé(u, v) in the collateral grap®\uv;

Ny is the number of vertices of the pair gra@k;

myy is the number of edges of the pair gr&aik

=A =4 =4 =4

The sign matrix Sof the graphG is written as am x n array with the (, v)-sign s,y as the
entry in rowu and columrv,

S=[sw].

The adjacency matridof G is ann x n matrix with the entry in row and columrnv equal to 1
if uvN E and equal to O ifuve E. Thus, the adjacency matrix of the gra@hcan be
recovered from the leading binary signs of the entries of the sign nfatNwte that for a
simple graphG, both the adjacency matrix and the sign me@e symmetric.

We shdl now define acanonical formS* of the sign matrix by ordering the rows ai
columns of S in a certain way. First, write the set of all distinet, {)-signs s, in
lexicographic ordes,;, S, ..., . Then, for each row of the sign matrixj = 1, 2, ...,n,
compute thesign frequency vector

fi= (§O @ 0 )

where f® is the number of times the signoccurs in rowi. SinceSis symmetric, the sigr
frequency vector for columm is the same as the sign frequency vector for rpwior
i =1, 2, ..,n. Now, write the sign frequency vectois f,, ..., f, in lexicographic order
fie, fip, ..., "In. Reorder the rows and columns of the sign matrix according to the permu
i1, I2, ...,in Of the vertices 1, 2, .n of G to obtain the canonical for@* of the sign matrix.

The vertices of5 are partitioned inte@quivalence classe&®nsisting of vertices with the san

sign frequency vectors. Thus, the canonical f&tof the sign matrix is uniquely define
only upto permutations of vertices within each equivalence class.
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GraphsGa andGg are said to besomorphicif there exists a bijection
G MaY Vs

from the vertices of grapBx to the vertices ofgraphGg, such thativis an edge in grapBa
i f and (g ani eflge in(grapes. The graph isomorphism probleris to
determine whether two given graphs are isomorphic or not.

An algorithm is a problemsolving method suitable for implementation as a comp
program. While designing algorithms we are typically faced with a number of diffe
approaches. For small problems, it hardly matters which approach we use, as long as
that solves the problem correctly. However, there are many problems for which the
known algorithms take so long to compute the solution that they are practically usele:
instance, the naive approach of computingnalpossible permutations of threvertices to
show that a pair of grapl@ andGg are not isomorphic is impractical even for small input

A polynomiattime algorithmis one whose number of computational steps is always bou
by a polynomial function of the size of the input. Thuspfmomiattime algorithm is one
that is actually useful in practice. The class of all problems that have polyronea
algorithms is denoted by. If graphsGa andGg are isomorphic then they must have the se
sign frequency vectors in lexicographic erdis, fip, ..., i, and we shall show that ot
algorithm obtains identical canonical forms of their sign mati&gsandSs* in polynomiat
time, thus exhibiting an explicit isom
algorithm determines in polynomitime that the sign matriceS.* and S* cannot be
expressed in identical canonical forms if and only if the ggaBh and Gg are not
isomorphic. Thus, we have a polynordighe algorithm for solving the graph isomorphis
problem, showing that the graph isomorphism problem in

3. Algorithm

We are now ready to present a formal description of the algorithm. After that, the steps
algorithm will be illustrated by an example. We begin by defining four procedures.

3.1. Procedure.This procedure is Dijkstra's algorithf8]. Given a grapl and a vertex,
we compute shortest,(v)-paths to all verticeg of G. Definea(u, v) = 1 ifuvN E anda(u, v)
= DPuvd E. We maintain a séfxnown Of vertices to which the shortest, {/)-path is known
and a tentative distanciu, w) for each vertexv outsideVinown

1 Initialization: SetVinown= {u}, d(u, u) = 0 andd'(u, w) = a(u, w) for each vertexv
outsideVinown

T Iteration: Select a verteswmi, outsideVinown Such thad'(u, Wmin) is @ minimum. Add
Wmin t0 Vinown @nd update the tentative distarstéu, w) = min{d'(u, w), d(u, w) +
a(u, w)} for each vertexw outsideVinown

1 Termination: Iterate untilVinown cOntains all the vertices @& or until d'(u, w) =
for each vertexwv outsideVinown In the later case, no further vertex can be sele
and the remaining vertices are not connected to the vertex
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3.2. Procedure Given a graplG and vertices andv, we compute the distandéu, v) in the
collateral graptG\uvand the pair grap@,..

=A =4 =4 =4

Using Procedure 3.1, compute shortesk]-paths to all vertices of G\uv.

Using Procedure 3.1, compute shortesy)-paths to all verticeg of G\uv.

In particular, the length of any shortest\)-path inG\uvis the distance(u, v).

If u=uy, Uy, ...,ur andv = vy, Vo, ..., Vs are shortest paths found above such thatvs
and the sum of the lengths of the two paths is the distd(uce) in the collateral
graphG\uy, then the union ofvertices of the two paths are vertices of the pair gr
Gu. Every vertexw of the pair graplG,, is obtained this way, because any short
(u, v)-path containingw is obtained by connecting some shortastw)-path with
some shor& (W, v)-path inGluv. Thus, at least one pair of shortest paths foi
above must satisfy; = vs = w, for each vertexv of the pair grapl@,,.

3.3. Procedure Given a grapl, we compute the sign matr&and its canonical forrg*.

il

1

Using Procedure 3.2, for every pair of vertiaesnd v, we compute the distanc
d(u, v) in the collateral grap@\uv and the pair grap@,,.

The entry in roau and columnv of the sign matrixSis s,y = * dyv.Ny.Myy, Where the
leading binary sign is positive dvN E, and negative iive E; d, is the distance
d(u, v) in the collateral grap®\uv; ny, is the number of vertices of the pair graph,
andmy, is the number of edges of the pair gr&ph

Write the set of all distinct sigrss, in lexicographic ordes, s, ...,S.

For each row of the sign matribx§ i = 1, 2, ...,n, compute the sign frequency vect
fi= (fY, £@, ..., £0), where £ is the number of times the signoccurs in row.
SinceSis symmetric, the sign frequency vector for colums the same as the sig
frequency vector for row, fori =1, 2, ...n.

Write the sign frequency vectdis f,, ..., f, in lexicographic ordefiy, ‘i, ..., "in.
Reorderthe rows and columns of the sign matrix according to the permut:
i1, i, ...,in Of the vertices 1, 2, ..n of G to obtain the canonical for®*.

3.4. Procedure. Given graphsGa and Gg such that the sign frequency vectors
lexicographic order foB* andSs* are the same, i1, ‘aiz, ..., "ain ) = ( &'z, &'z, ..., B0 ),
we compute a reorderingy, i",, ...,i", of the vertices 06Gg such that either the first entry ¢
S* that does not match the corresponding entrbdfoccurs at the greatest possible ind
in row major order o6.* = Sg*.

f
f

|l

SetA=S* and B = S*.

Read the matrice& andB in row major order (read each row from left to right a
read the rows from top to bottom). If all corresponding entieand B; of A andB

match, then stop. Else, find the first entBy in B that does not match th
corresponding entryy; in A. Find k > i such that interchanging rows, (j) and

columns k, j) of B ensures that the first mismatch occurs later 8am row major
order (or there is no mismatch at all). If no suckxists, then stop. Repeat th
process until the correspondikgcannot be found or all corresponding entriesAo
andB match.

We obtain a reordering, i"y, ...,i"n Of the verticef Gg such that either the firs
entry of B that does not match the corresponding entrA afccurs at the greates
possible index in row major order Ar= B.
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3.5. Algorithm. Given graph<5, and Gg, we determine whethé&B, andGg are isomorphic
or not. If G, andGg are isomorphic, we exhibit an explicit isomorphism function.

1 Using Procedure 3.3, we compute the canonical forms of the sign m&ttcasd
S*. If the sign frequency vectors in lexicographic orderSgrandSs* are different,
thenGa andGg are not isomorphic and we stop.

1 Else, the sign frequency vectors in lexicographic ordeBfbrand §s* are the same
( ain, a2y oo ain) = (B, T L TR,

o Fork=1,2,..n:
A SetA=S* and B = &*.
A Interchange rows (k) and columns (1) of B.
A Using Procedure 3.4, A = B then stop. Else, start with the next val
of k. If k=nthen stop.
o If Al B, thenGa andGg are not isomorphic. ElsA = B, G and Gg are

isomorphic and the reordering,, i"», ..., 1", of the vertices ofGg to obtain
S*=Bprovides an expl i ciij=i%s dii{d's p,t
aiq) =i"n.

3.6. Example.We demonstrate the steps of the algorithm with an example. The
consists of Turapd] graphsGa andGg, with vertices labele¥s = {1, 2, 3, 4, 5, 6, 7, 8} anc
Ve={1, 2, 3,4,5, 6,7, 8 as shown below in Figure 3.6.1.

Figure 3.6.1.An example to demonstrate the steps of the algorithm : input

The algorithm first computes all the pair graphsGxyf To see how this is done, let
explicitly compute the pair grap;, for the pair of vertices (1, 2). First, Procedure :
computes the shortest paths from vertex Giil2 as (1), (1, 72), (1, 7, 3), (1, 7), (1, 8)
(1, 4), (1, 5) and (1, 6). Then, Procedure 3.2 computes the shortest paths from vert
Ga\l2 as (2), (2,7,1),(2,7,3),(2,7), (2,8), (2, 4), (2,5) and (2, 6). The disidn& = 2

http://wwwdharwadker.org¢evet/isomorphism/
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is given by the length of gshortest (1, 2path found inGa\12 so far. Now, Procedure 3.
obtains the shortest (1,-paths (1, 7, 2), (1, 8, 2), (1, 4, 2), (1, 5, 2) and (1, 6, 2) whose L
gives the 7 vertices of the pair graph {1, 2, 4, 5, 6, 7, 8}. The pair graph has {ed3e
{1.8}, {1,4}, {1,5}, {1,6}, {2,7}, {2,8}, {2,4}, {2,5}, {2,6}, {7,4}, {75}, {8,4}, {8,5}, {4.6}

and {5,6}. Since {1, 2} is not an edge iB,, the leading binary sign is negative a
Procedure 3.3 computes the sign = -2.7.16. Similarly, Procade 3.3 computes all th
signss; fori, j =1, 2, 3, 4,5, 6, 7, 8. Note that for j the sign is always0.1.0. Thus,
Procedure 3.3 computes the sign ma&ixThen, Procedure 3.3 counts the number of tir
each sign occurs in a column®fand obtains the sign frequency vectors for each colum
S Finally, Procedure 3.3 reorders the rows and columnsSofaccording to the
lexicographic order of the sign frequency vectors, to obtain the canonical form of th
matrix Sa*. We use thedllowing convemion to display the sign matrixhe row and column
headers show the vertex labels and the equivalence classes of vertices are distingu
different shades of blue; the sign frequency vectors, vertex degrees and equivalenc
numbes are displagd along the column footers.

-2.8.21{-0.1.0

http://wwwdharwadker.org¢tevet/isomorphism/
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Similarly, Procedure 3.3 obtains the canonical form of the sign n&trix

-2.8.21{-0.1.0

Next, the algorithm checks that the sign frequency vectors in lexicographic or@gt ford
S* are the same,

(fA4; "5, "1, 'a2, a3, a7, A8, A6 ) =( 's1,'88, 87, 83, 86, ‘84, '85, f32)
= (01106, 01106, 20132, 20132, 20132, 20132, 20132, 20132).

Finally, the algorithm runs through the loép= 1, 2, 3, 4, 5, 6, 7, 8 to find an explic
isomorphism if it exists. Starting with= 1, setA = Sa* andB = §* :

http://wwwdharwadker.org¢tevet/isomorphism/
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Sincek = 1, there is no initial interchange of rows and columrd. ®ow, the algorithm use:
Procedure 3.4. The entries Afand B are read in row major order. The first mismatch
found in the third row and fourth column, shown underlined. The algorithm finds
exchanging the fourth column with the fifth column (and the fourth row with the fifth rov
B will push the first mismatch further along the row major orde

http://wwwdharwadker.org¢tevet/isomorphism/
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The first mismatch is found in the third row and fifth column, shown underlined.
algorithm finds that exchanging the fifth column with the eighth column (and the fifth
with the eighth row) oB will push the first mismatch further along ttav major order:

Now there is no mismatchA = B. The algorithm exits the final loop and reports that
i somorphism has been found. The explic
labels ofA andB in this order:

http://wwwdharwadker.org¢tevet/isomorphism/
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If the graphsGa andGg are redrawn with vertices ordered in this way, the isomarpgs m
easy to visualize.

Figure 3.6.2.An example talemonstrate the steps of the algorithm : output

http://wwwdharwadker.org¢evet/isomorphism/
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4. Necessity and Sufficiency

Here we prove that the algorithm is necessary and sufficient for solving the (
Isomorphism Problem:

T if graphsGa and Gg are isomorphic, then the algorithm finds an expli
isomorphism function;

T if graphsGa andGg are not isomorphic, then the algorithm determines
no isomorphism function can exist.

4.1. Proposition.If graphsGa and Gg are isomorphic, then the algorithm finds
isomorphism.

Proof. Suppose graph§, and Gz ar e i somor p hvikh¥ Vg de an
isomorphism from the vertices @ to the vertices o65g. Note that distances ar
preserved bijetively under the isomorphis,

d(u,v) = d( @), v)t

for all verticesu, v of Ga. Thus, all the corresponding pair gragre isomorphic
and the signs

Swwv = Sig) )

are also preserved bijectively under the isomorphism for all venticesof Ga.
Hence, the sign frequency vectors in lexicographic order for the canonical
matricesSa* andSg* are the same

( aiz, "aiz, onfain) = (T&i's, B2 TR

Since (G is surjecti ve, ksuchtlatifavkertgx is ithé

label of row 1 and column 1 &=S*t he n vw)istthe babellf rovk and

columnk of B = S*. Then, rows (1k) and columns (1k) of B are interchanged
We now use induction on the rows Bfto show that Procedure 3.4 matches e
row of B with the corresponding row &. For the base of the induction, consic
row 1 of B. Since vertex; is the label of row 1 oA a n dv;) i the label of row 1
of B, the corresponding sign frequency vectors are equal. By counting
frequencies, as long as there is a mismatch in row 1, it is always possi
interchange the columns &f such that row 1 oA and row 1 ofB are perfectly
matched by Procedure 3.4rRthe induction hypothesis, assume that rows 1,of.,
A andB have been perfectly matched by Procedure 3.4 such that the vertex
for the rows 1, ..t of Aarevy, ...,vt and the vertex labels for the rows 1,t.0f B

ar evy) 8\, ..., 0¥ = Vi respectively. Since the sign matrices are symme
Procedure 3.4 also ensures that the columns tlof A andB are perfectly matchec
with the same vertex labels as the rows. Thus, the first 8ptiny B that does not

http://wwwdharwadker.org¢evet/isomorphism/
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match the corresponding enty in A must now occur in row = t+1 and column
j O t+1. By the induction hypothesis, the subgraPi of Ga with vertices
{v1, ...,v} and the subgrapfBg' of Gswi t h v ew)t=V'c e s v) £ d}an (
i somorphic under 0. Tvh1fsGa outsitieethre essubgray!
Gasuch that the ¢ os)roeG souisiié theysubgrapBst
Since there is a mismatch at the ey t h e W@ mustdetheldapel for :
columnj > j. Hence, Procedure 3.4 will always interchange rowsj() and
columns (j, j' ) of B and repeat the process until rows t+1 of A andB are
perfectly matched and the vertex label for roml of Bi s Vi) € Viua. This
completes the induction, showing that Procedure 3.4 matches each Bwitbf
the corresponding row oA. Thus, the algorithm finds an explicit isomorphis

f unctvi)ioew, G.()=Vh R (

4.2. Proposition. If graphs G and Gg are not isomorphic, then the algorith
determines that there cannot be an isomorphism.

Proof. Suppose graphs, andGg are not isomorphic. The algorithm first comput
the canonical forms of the sign matricgs and Sg*. If the sign frequency vector
in lexicographic order fo6a* and Sg* are different, then the algorithm conclud
that Ga and Gg are not isomorphic. If the sign frequency vectors in lexicograj
order forSy* andSs* are the same, (i, iz, ..., ain ) = ( &i'e, 82, ..., 80 ), then
the algorithm runs through the final loop fr= 1, 2, ...,n and cannot find any
isomorphism. By Proposition 4.1,8, andGg were isomorphic, then the algorithi
would have found an explicit isomorphism for some valuek.oTherefore, the
algorithm concludes that there cannot be an isomorphism.

From Propositions 4.1 and 4.2, we have

4.3. Theorem.The algorithm solves the Graph Isomorphism Probfem.

5. Complexity

We shall now show that the algorithm terminates in polynetma#, by specifying
a polynomial of the larger of the two number of vertined the input graphs, tha
is an upper bound on the total number of computational steps performed |
algorithm.Note that we consider

1 checking whether a given pair of vertices is connected by an edgean
Gg, and
. comparing whether a given integer is less than another given integer

to be elementary computational step¥hus, we shall show that the Graj
Isomorphism Problem is iR.

5.1. Proposition. Given a graphG with n vertices, Procedure 3.1 takes at mc
3n® + 3n steps to find shortest paths from an initial veres all other vertices.

http://wwwdharwadker.org¢evet/isomorphism/
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Proof. Initialization takes at mostr8steps. To find the minimum distance of
unknown vertex from the initial vertex takes at mosh steps and to update tr
tentative distances takes at mosteps. There are at mastterations until all the
vertices are known. Finallyt takes at mosh® steps to recover the vertices of tl
shortest paths. Thus, Procedure 3.1 terminates after at mash@® + n) + n? =
3n® + 3n stepsA

5.2. Proposition. Given a graphG with n vertices, Procedure 3.2 takes at mc
7n? + 7n steps to compute the distard(@, v) in the collateral grapfB\uv and the
pair graphGy, for a given pair of vertices andv.

Proof. The graphG\uv also has vertices. By Proposition 5.1, Procedure 3.1 ta
at most 8 + 3n steps to find shortest paths from the initial verteto all other
vertices and at mosn3+ 3n steps to find shortest paths from the initial ventés
all other vertices. Then it takes at mossteps to determine the distandg, V).
Finally, it t&kes at mosh? steps to run through pairs of shortest paths to find
vertices of the pair grapls,,. Thus, Procede 3.2 terminates after at mo
3n®+3n+3n°+ 3n+n+n®=7n’+ 7nstepsh

5.3. Proposition. Given a graphG with n vertices, Procedure 3.3 takes at mo
7n* + 7n° + 2n® steps to compute the canonical form of the sign m&trix

Proof. By Proposition 5.2, for each pair of vertices it takes at must 7n steps to
compute the sigrs,. Since there ar@’ signs, it takes at most(7n’ + 7n) =
7n* + 7n° steps to compute the sign mat@x Then it takes at most’ steps to
compute the sign frequency vector and at nmdstteps to sort it in lexicographi
order. Thus, Procedure 3.3 terminates after at maoSt+7 7n°® + n’+ n® =
7n* + 7n + 2n? stepsA

5.4. Proposition.Given a sign matriceSa* and Sg* such that the sign frequenc
vectors in lexicographic order {ai1, aiz, ..., 'ain ) = ( &'z, &'z ..., B'n ),
Procedure 3.4 takes at mostf 8teps to terminate.

Proof. Since there are” entries inS*, it takes at most® steps to find a mismatcl
(i, ) with the corresponding entry B* in row major order. Then, it takes at mc
n? steps along the rowto find a columrj' such that interchanging rows, (' ) and

columns (j, ' ) leads to a mismatch later in the row major order. This may
repeated at most® times until either the corresponding interchange colym
cannot be found or all the entries in the sign mesriare perfectly matched. Thu
Procedure 3.4 terminates after at mogn® + n?) = 2n* steps

5.5. Proposition.Given graphsG, and Gg with n vertices, the algorithm takes
most 21° + 14n* + 14n° + 4n” steps to terminate.

Proof. By Proposition 5.3Procedure 3.3 takes at most #{# 7n°® + 2n%) =
14n* + 14n® + 4n® steps to compute the canonical forms of the sign matB¢eand
S*. If the sign frequency vectors in lexicographic ordehig, ‘iz, ..., ain ) =
( &i'y, &i's, ..., 8i'n ) are the same, then by Proposition 5.4 the final loogk fer
1, 2, ...,n takes at mosn(2n?) = 2n° steps. Thus, the algorithm terminates aftel

http://wwwdharwadker.org¢evet/isomorphism/
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most 4’ + 14n* + 14n® + 4n® stepsn
From Theorem 4.3 and Proposition 5.5, we have

5.6. Theorem.The Graph Isomorphism Problem isRnn

6. Implementation

We provide a demonstration program for the Graph Isomorphism Algorithm writt@éf+in
for Microsoft Windows. The input consists of the fil&aph A.txtand Graph B.txt
containing the adjacency matrices of graph and graphGg respectively. The progran
computes the sign matric€s* andSs* in canonical form and determines whetfBarandGg
are isomorphic or not, in polynomiime.

r Graph Isomorphism Algorithm II.-E:&-]
Graph A Graph B Result Visualizer Examples Help

- .-

THE-GRAPH JSQMORPHISNLA

CGORITHM

/U KSHAY.DHARWA DKER & JOHN-TA GORE TEVET

9 ,"_ —
Y y -

< htpdinwwiahanwadker.org/tecetisoma rphismy /| *
~<eopyright © S.E.RR 200917

S S | _—~—
. —g - g

Find Isomorphism

Graph A and Graph B are isomorphic. See result.html for details.

Figure 6.1.A demonstration program for Microsoft Windojdswnload]

http://wwwdharwadker.org¢evet/isomorphism/
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We show how to write the input for the computatperformed in Example 3.6:

Graph A.txt | Graph B.txt

8 8

00011111 01111110
00011111 10100111
00011111 11011001
11100111 10100111
11100111 10100111
111 11000 11011001
11111000 11011001
11111000 01111110

Figure 6.2.Input for the demonstration progran

The C++ program is shown below:

isororphism.cpp

#include <iostream>
#include <fstream>
#include <string>
#include <vector>
#include <map>
#include <set>
#include <algorithm>
using namespace std;

vector<vector<int> > dijkstra(vector<vector<int> > graph);
vector<vector<int> > reindex(vector<vector<int> > graph, vector<int> index);
vector<int> inv(vector<int> index);

vector<int> transform(map<vector<int>,vector<int> > signmatrixA,
map<vector<int>,vector<int> > signmatrixB, vector<int> vertexA,

vector<int> vertexB, vector<int> isoB);

ifstream infileA("graphA.txt");

ifstream infileB("graphB.txt");

ofstream outfile("result.txt");

int main()

{

cout<<"The Graph Isomorphism Algorithm"'<<endl;

cout<<"by Ashay Dharw adker and John-Tagore Tevet"<<end|;
cout<<"http://w w w .geocities.com/dharw adker/tevet/isomorphism/'<<end|;
cout<<"Copyright (c) 2009"<<endl;

N o

Figure 6.3.A C++ program for the graph isomorphism algoritfjadownload]

The output of the program for the input in Figure 6.2 is shown in ExaBfleThe next
section shows many more examples of input/output files. The download packag

http://wwwdharwadker.org¢evet/isomorphism/
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contains a visualizer for drawing graphs according to the output of the demons
program.

7. Examples

We now demonstrate the Graph Isomorphfgorithm for several examples. The first set
examples 7.47.5 consists of isomorphic graphs whose vertices have been permuted rar
so that the isomorphism is well and truly doh. The second set of exampl
7.6-7.9 consists of graphs that are mmorphic and yet have a very similar structure, he
deciding that they are not isomorphic in polynonrtiale demonstrates the power of tl
algorithm.

7.1. Example.We run the program on isomorphic Peterfggrgraphs A and B as input:

Graph A

10
0100101000
1010000100
0101000010
0010100001
1001010000
0000100110
1000000011
0100010001
0010011000
0001001100

Graph B

10

0001 010001
0001101000
0000001101
1100000100
0100000011
1000001010
0110010000
0011000010
0000110100
1010100000

The algorithm finds an explicit isomorphism, shown below.

http://wwwdharwadker.org¢evet/isomorphism/
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Figure 7.1.The Petersen graphs are isomorphic

7.2. Example.We run the program on isomorphic Icosahed&rgraphs A and B as input:

Graph A

12
011001110000
101111000000
110100011000
011010001100
010101000110
110010100010
100001010011
101000101001
001100010101
000110001011
000011 100101
000000111110

Graph B

12
001001001101
000110011001
100001011010
010010110010
010100100101
101000100110
000111000110
0111 00001010
111000010001
100011100001
001101110000
110010001100

http://wwwdharwadker.org¢evet/isomorphism/
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The algorithm finds an expiidsomorphism, shown below.

Figure 7.2.The Icosahedron graphs are isomorphic

7.3. Example.We run the program on isomorphic Ramgé} graphs A and B as inpul

Graph A

17
01101000110001011
10110100011000101
11011010001100010
01101101000110001
101 10110100011000
01011011010001100
00101101101000110
00010110110100011
10001011011010001
11000101101101000
01100010110110100
00 110001011011010
00011000101101101
10001100010110110
01000110001011011
10100011000101101
11010001100010110

http://wwwdharwadker.org¢evet/isomorphism/
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Graph B

17

00000101101 011110
00111001000110110
01001110001101100
01001101110000101
01110000111001010
10110011010001100
00100101011100011
110101101 00100010
10011001001101001
00011110000011011
10101010100000111
01100011100011001
11000000010101111
10101100110110000
11110100 001010001
11001011011010000
00010010111110100

The algorithm finds an explicisomorphism, shown below.

Figure 7.3.The Ramsey graphs are isomorphic

http://wwwdharwadker.org¢evet/isomorphism/
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7.4. Example.We run the program on isomorphic Dodecahed&jngraphs A and B as
input:

Graph A

20

01001000000001000000
10100000000100000000
01010000010000000000
0010100100000000 0000
10010100000000000000
00001010000000100000
00000101000000001000
00010010100000000000
00000001010000000100
001000001010000 00000
00000000010100000010
01000000001010000000
00000000000101000001
10000000000010100000
00000100000001010000
00000000000OCQOO 101001
00000010000000010100
00000000100000001010
00000000001000000101
00000000000010010010

Graph B

20
00000101000001000000
00011 100000000000000
00010000000000100010
01100000000000000100
01000000100001000000
11000000000000100000
000000000000000011210
1000 00000O11000000000
00001000000100000100
00000001000010010000
00000001000000100001
00000000100010001000
00000000010101000000
100 01000000010000000
00100100001000000000
00000000010000001001
00000010000100010000
00010010100000000000
00100010000000000001
00 000000001000010010

The algorithm finds an explicit isomorphism, shown below.

http://wwwdharwadker.org¢evet/isomorphism/
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Figure 7.4.The Dodecahedron graphs are isomorphic

7.5. Example.We run the program on isomorphic Coxef8} graphs A and B as inpul

Graph A

30

010000000000000000000100000001
101000001000000000000000000000
010100000000000000000000010000
00101000000010000000000000 0000
000101000000000001000000000000
000010100000000000000010000000O0
000001010000000000000000000100
0000001010000010000000000000 00
010000010100000000000000000000
000000001010000000100000000000
000000000101000000000001000000
000000000010100000000000000010
000100000001010000000000000000
000000000000101000001000000000
000000010000010100000000000000
000000000000001010000000100000

00 0000000000000101000000000001
000010000000000010100000000000
000000000100000001010000000000
000000000000000000101000001000
0000 00000000010000010100000000
100000000000000000001010000000
0000010000000000000O00C0OC101000000
0000000000100000000000O10100000
000000 000000000100000001010000
001000000000000000000000101000
00000000000000O0000O0O010000010100
00000010000000000000C0OC0OO0O0GO1010
00000000 0001000000000000000101
100000000000000010000000000010

http://wwwdharwadker.org¢evet/isomorphism/
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IHHHiiIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

30

000000000000010001000000000100
000010000000000000001000100000

0 00000000010000000001001000000
000000100100001000000000000000
010000011000000000000000000000
000000000001000010000000001000
000 100000000000010000000100000
000010000000000000100010000000
000010000001000100000000000000
000100000000100100000000000000
00100 0000000000000010100000000
000001001000000000000000000100
000000000100010000000000010000
100000000000100000100000000000
0001000 00000000000000011000000
000000001100000000010000000000
000001100000000000000100000000
100000000000000000000000100001
000000010 000010000000100000000
00000000001000010000000000O0QOO01
011000000000000000000000010000
000000000010000010100000000000
00000001000 0001000000000000010
001000000000001000000000000Q100O0
010000100000000001000000000000
000000000000100000001000001000
0000010000000 0ooo0000O0O0O0OO010O01O0
100000000001000000000001000000
000000000000000000000C0O10001001
000000000000000001010000000010

The algorithm finds an expiidsomorphism, shown below.

Figure 7.5.The Coxeter graphs are isomorphic

http://wwwdharwadker.org¢evet/isomorphism/
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