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Abstract

We present a new polynomitime algorithm for finding maximal cliques in graphs. It is shown that every
graph withn vertices and minimum vertex degréenust have a maximum clique of size at lensfn- iz

and that this condition is the best possible in termsasfdd. As a corollary, we obtain new bounds on the
famous Ramsey numbers in terms of the maximum and minimum vertex degrees of the cangspond
Ramsey graphs. The algorithm finds a maximum clique in all known examples of graphs. In view of the
importance of thé> versusNP question, we ask if there exists a graph for which the algorithm cannot find
a maximum clique. The algorithm is demongtthby finding maximum cliques for several famous graphs,
including two large benchmark graphs with hidden maximum cliques. We implement the algorithm in C++
and provide a demonstration program for Microsoft Wind@esvnload].
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1. Introduction

In 1972, Karp[1] introduced a list of twentgne NP-complete problems, one of which

was the problem of finding a maximum clique in a graph. Given a graph, one must find a
largest set of vertices such that any two vertices in the set are connected by an edge. Such
a set of vdices is called a maximum clique of the graph and in general can be very
difficult to find. For example, try to find a maximum clique with five vertices in the
complement of the Frucht graph shown belown Figure 1.1.
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Figure 1.1.Find a clique with five vertices

We present a new polynomitine CLIQUE ALGORITHM for finding maximal cliques in
graphs. In Section 2, we provide precise-INITIONS of all the terminology used. In
Section 3, we present a formal description of theoriTHM followed by a small
example to show how the algorithm works skggstep. In Section 4, we show that the
algorithm has polynomigime COMPLEXITY . In Section 5, we give a new radition of
SUFFICIENCY for a graph to have a maximum clique of a certain size. We prove that
every graph witm vertices and minimum vertex degréenust have a maximum clique

of size at leasén/(n- WY andthat the algorithm will always find a clique of at least this
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size. Furthermore, we prove that this condition is the best possible in temasidél by
explicitly constructing graphs for which the size of a maximum clique is exactly
en/(n- ¥ As a cordary, we obtain new bounds on the famous Ramsey numbers in terms
of the maximum and minimum vertex degrees of the corresponding Ramsey graphs. For
all known examples of graphs, the algorithm finds a maximum clique. In view of the
importance of thd® versusNP question|3], we ask:does there exist a graph for which
this algorithm cannot find a maximum cliqued Section 6, we provide an
IMPLEMENTATION  of the agorithm as a C++ program, together with demonstration
software for Microsoft Windows. In Section 7, we demonstrate the algorithm by finding
maximum cliques for severatxAMPLES of famous graphs, including twlarge
benchmark graphs with hidden maximum cliques. In Section 8, we lisEHRENCES.

2. Definitions

We begin with precise definitions of all the terminology and notation used in this
presentationfollowing [4]. We use the usual notatiéito denote thdloor functioni.e.

the greatest integer not greater tixaandéxgto denote theeiling functioni.e. the least
integer not less than

A simpke graph Gwith n vertices consists of a setwdrticesV, with V| =n, and a
set ofedgesE, such that each edge is an unordered pair of distinct vertices. Note that the
definition of G explicitly forbids loops (edges joining a vertex to itself) amdultple
edges(many edges joining a pair of vertices), whence thdesatust also be finite. The
complemen6G® of a graphG is a simple graph with the same set of vertice§ asit {u,

v} is an edge irGC if and only if {u, v} is not an edge 6. We maylabd the vertices of
Gwi t h t he i nntlfehgeanorsleretl pair @ yertiées,{v} is an edge irG, we
say thatu is a neighborof v and writeuv E. Neighborhood is clearly a symmetric
relationship:.uM E if and only ifvul E. Thedegreeof a vertexv, denoted byl(v), is the
number of neighbors of. Theminimum degre®ver all vertices ofs is denoted byd.
The adjacency matriof G is ann® n matrix with the entry in row and columnv equal
to 1 if uM E and equal to 0 otherwise. ertex cover @f G is a set of vertices such that
for every edge §,v} of G at least one aii or vis in C. Anindependent set& G is a set
of vertices such that no unordered pair of verticéSignan edge. AliqueQ of G is a set
of vertices such that every unorddrpair of vertices iQ is an edge. Given a cliqug of

G and a vertex outsideQ, we say thav is adjoinableif the setQC{Vv} is also a clique of
G. Denote byr (Q) the number of adjoinable verticesf a cliqueQ of G. A maximal
clique has no adjoinable vertices. Aaximum cliques a clique with the largest number
of vertices. Note that a maximum clique is always maximal nmitnecessarily vice
versa.

An algorithm is a problemsolving method suitable for implementation as a
computer program. While designing algorithms we are typically faced with a number of
different approaches. For small problems, it hardly matters whgphoach we use, as
long as it is one that solves the problem correctly. However, there are many problems for
which the only known algorithms take so long to compute the solution that they are
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practically useless. polynomiattime algorithmis one whose maber of computational
steps is always bounded by a polynomial function of the size of the input. Thus, a
polynomiattime algorithm is one that is actually useful in practice. The class of all such
problems that have polynomitime algorithms is denoted by. For some problems,
there are no known polynomiime algorithms but these problems do have
nondeterministic polynomidime algorithms try all candidates for solutions
simultaneously and for each given candidate, verify whether it is a correcosaluti
polynomiattime. The class of all such problems is denotedBy ClearlyP I NP. On

the other handthere are problems that are known to beN and are such that any
polynomiattime algorithm for them can be transformed (in polynostirak) into a
polynomiattime algorithm for every problem iNP. Such problems are calledP-
complete The problem of finding a maximum clique is known toNie-complete[1].

Thus, if we are able to show the existentea @olynomiaitime algorithm that finds a
maximum clique in any graph, we could prove that NP. The present algorithm is, so

far as we know, a promising candidate for the task. One of the greatest unresolved
problems in mathematics and computer s@dnday is whethd? = NP or P, NP [3].

3. Algorithm

We now present a formal description of the algorithm. This is followed by a small
example illustrating the steps of the algorithm. We start by aefitwwo procedures.

3.1. Procedure.Given a simple graps with n vertices and a cliqu® of G, if Q has no

adjoinable vertices, outp@. Else, for each adjoinable vertexof Q, find the number
r (QC{v}) of adjoinable vertices of the cliqu@C{v}. Let vnh« denote an adjoinable
vertex such that (QC{Vmay) is @ maximum and obtain the cliquUeC{vmag. Repeat

until the clique has no adjoinable vertices.

3.2. Procedure.Given a simple grapt® with n vertices and a maximal cliqu@ of G, if
there is no vertex outsideQ such that there is exactly one vertgxn Q that is not a
neighbor ofv, outputQ. Else, find a vertex outsideQ such that there is exactly one
vertexw in Q that is not a neighbor of DefineQ"" by adjoiningv to Q and removingv
from Q. Perform procedure 3.1 &@"" and output the resulting clique.

3.3. Algorithm. Given as input a simple graggwithnver ti ces | amel ed
search for a clique of size at le&stAt each stage, if the clique obtained has size at least
k, then stp.

¢ Partl. Fori=1,2,..nhinturn
o Initialize the cliqueQ; = {i}.
o Perform procedure 3.1 dp.
o Forr=1, 2, ...kperform procedure 3.2 repeatetimes.
o The result is a maximal cliqu@.
1 Partll. For each pair of maximal cliqu€, Q; found in Part |
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Initialize the cliqueQ; ; = QA .

Perform procedure 3.1 @i ;.

Forr =1, 2, ...k perform procedure 3.2 repeatetimes.
The result is a maximal cliqu@, ;.

O O O O

3.4. Example.We demonstrate the steps of the algorithm with a small example. The
input is the complement of theueht graph 2] shown below witm = 12 vertices labled

v={1,23,4,56,7,8,9, 10,11, 12}.
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Figure 3.1.A small example to demonstrate the steps of the algorithm

We search for a clique of size at lelast5. Part | fori = 1 andi = 2 yields clique®); and
Q. of size 4, so we give the details starting fiom3. We initialize the clique as

Qs={i} = {3}.
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We now perform procedure 3.1. Here are the results in tabular form:

Clique Qs = {3}. Size: 1.

Adjoinable vertex of Qs Adjoinable vertices 0Qs;C{Vv} r (QsG{v})
56,8,9,12
1,7,8,11,12
1,9,11,12
59 1112
1,5,9,11
1,6,7,8,11
11 56,7,8,9,12
12 1,5,6,7,11

©O© 00 N/ O -
aalo |l 0| bbbl oOo1 O

Maximumr (QsC{Vv}) = 6 for v=11. Adjoin vertex 11 tQs.

CliqueQs;= {3, 11}. Size: 2.

Adjoinable vertew of Qs Adjoinable vertices 0Q:;C{Vv} r (QsG{v})
5 7,8,12
6 9,12

7 5,9, 12
8 59

9 6,7,8
12 56,7

W W N W|N W

Maximumr (QsC{Vv}) = 3 for v= 5. Adjoin vertex 5 tds.

CliqueQs;= {3, 5, 11}. Size: 3.
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Adjoinable vertex of Qs Adjoinable vertices 0Q:;C{Vv} r (QsG{v})
7 12 1
8 None 0
12 7 1

Maximumr (QsC{Vv}) = 1 for v= 7. Adjoin vertex 7 t@s.
CliqueQs=1{3, 5, 7, 11}. Size: 4.

Adjoinable vertex of Qs Adjoinable vertices 0Q:;C{Vv} r (QsG{v})
12 None 0

Maximumr (QsC{Vv}) = 0 for v=12. Adjoin vertex 12 tQ)s.

We obtain a raximal clique
Q:={3,5,7,11, 12}

of the requested size= 5 and the algorithm terminates.

4. Complexity

We shall now show that the algorithm terminates in polynotma, by specifying a
polynomial of the number of verticesof the input graphthat is an upper bound on the
total number of computational steps performed by the algorithm. Note that we consider

1 checking whether a given pair of vertices is connected by an e@eaind
1 comparing whether a given integer is less than anothen giteger

to beelementary computational steps

4.1. Proposition.Given a simple grapt® with n vertices and a cliqu®, procedure 3.1
takes at most° steps.

Proof. Checking whether a particular vertex is adjoinable takes atnetps, since the
vertex has less thamvertices that are not its neighbors and for each vertex that is not a
neighbor it takes less tham steps to check whether it is outside the clique. For a
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particular clique, finding the numberof adjoinable vertices takes at moSt nr’ steps,
since for each of the at mastvertices outside the clique we must check whether it is
adjoinable or not. For a particular clique, finding a vertex for which maximum then
takes at mosh® = nn® steps, since there are at masvertices outside. Procedure 3.1
terminates when at mostvertices are adjoined, so it takes a total of at most nn’
steps. |

4.2. Proposition. Given a simple graplé with n vertices and a maximal cliqu®,
procedure 2 takes at most+n°+1 steps.

Proof. To find a vertew outsideQ that has exactly one vertexinsideQ which is not its
neighbor takes at mosf steps, since there are less tharertices outsid€ and we must
find out if at least one of the less thavertices that are not neighbors of any such fixed
vertex are insid€). If such a vertex has been found, it takes one step to excharagel

w. Thereafter, by proposition 4.1, it takes at mﬁsatteps to perform procedure 3.1 on the
resulting cliqueThus, procedure 3.2 takes at mostl+n°s t e ps . |

4.3. Proposition.Given a simple grap® with n vertices, part | of the algorithm takes at
mostn’+n°+n*+n? steps.

Proof. At each turn, procedure 3.1 takes at mwststeps by proposition 4.1. Then
proedure 3.2 is performed at mastimes, sincek can be at most. This, by proposition
4.2, takes at mosi(n>+n*+1) = n®+n*+n steps. So, at each turn, at mo#n°+n>+n steps
are executed. There ameturns fori = 1, 2, ...,n, so part | performs a tal of at most
n(n>+n®+n’+n) = n+n’+n*+n? steps]

4.4. Proposition.Given a simple graps with n vertices, the algorithm takes less than
n+2n"+n+n>+n*+n+n steps to terminate.

Proof. There are less thaf distinct pairs of maximal cliques found by part I, that are

treated in turn. Similar to theroof of proposition 4.3, part Il takes less than
n?(n>+n®+n°+n) = n’+n®+n>+n. Hence, part | and part Il together take less than a grand

total of O’+n°+n*+n?)+(N®+n"+n°+n®) = n*+2n"+nf+*+n*+n*n’st eps t o ter mi nat €

4.5. Remark.These are pessimistiupper bounds for the worst possible cases. The actual
number of steps taken by the algorithm to terminate will depend onnbatid k. For
smaller values ok, the algorithm terminates much faster. In almost all of the examples in
section 7, one or two egpps of part | already find a maximum clique. Only the second
benchmark, the complement of Witzel's graph 7.20, requires part Il of the algorithm to
find a maximum clique.
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5. Sufficiency

The algorithm may be applied to any simple graph and will alwtaysinate in
polynomiattime, finding many maximal cliques. The propositions below establish
sufficient conditions on the input graph which guarantee that the algorithm will find
maximal cliques of a certain size. Specifically, we prove that every grapmwertices

and minimum vertex degrebmust have a maximum clique of size at leasin- dzand

that the algorithm will always find a clique of at least this size. Furthermore, we prove
that this condition is the best possible in termsnaind d by explicitly constructing
graphs for whichte size of a maximum clique is exaclly(n- ¥a As a corollary, we
obtain new bounds on the famous Ramsey numbers in terms of the maximum and
minimum vertex degrees of the corresponding Ramsey graphs. The proofs use two
fundamental axioms: Euclid's Divi Lemmal5] and the Pigeonhole Principle).

Euclid's Division Lemma. Given a positive integem and any integen, there exist
unigue integerg andr with 0 ¢ r < msuch thah = gmtr.

Pigeonhole Principle. If | letters are distributed intg pigeonholes, then some
pigeonhole receives at lead{pg letters and some pigeonhole receives at nédpti
letters.

5.1. Proposition.Given a simple grap@ with n vertices and an initial cliqu®. At each
stage of procedure 3.1, if there aterertices outsid€) and the minimum degree among
the vertices insid€) is greater tham- E(n-1)g 1, then procedure 3.1 produces a strictly
larger clique.

Proof. By contradidbn. Suppose the cliqu® is maximal. ThenQ has no adjoinable
vertices inG. In the complement grapB®, every vertex outsid® must have a neighbor
insideQ. Thus, in the complement gra@f, there are at leastedges (letters) with one
end vertex outsie Q and the other end vertex insidg there being exactly = n-|
vertices inside) (pigeonholes). By the pigeonhole principle, some vertex inQideust
receive at leas8l/pg edges in the complement gra@f. But this is a contradiction
because the maximum degree among the vertices iQsisiéess thard/(n- I)g= d/pgin
the complement grapB®, given that the minimum degree among the vertices ir@ite
greater tham- B(n-Ng 1inGby hypothesis. I

5.2. Proposition. Given a cliqueQ of G, procedure 3.1 always produces a maximal
clique ofG.

Proof. Procedur@.1 terminates only when there are no adjoinable vertices. By definition,
the resulting clique must be maxi mal. I

5.3. Proposition.Given a simple grapfs with n vertices and an initial maximal clique
Q. If there aram vertices outside the maximal clig@and the minimum degree among
the vertices insid€) is greater tham- 2n/(n- m)@ 1, then there exists a vertexoutside
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Q such that there is exactly one vertexn Q that is not a neighbor of and procedure
3.2 produces a maximal clique different fr@nand of size greater than or equal to the
size ofQ.

Proof. By contradiction. Note that sin€gis maximal, there are no adjoinable vertices in
G. In the complement grapB©, every vertex outsid® has at least one neighbor inside
Q. Suppose that in theomplement grapls® every vertex outsid® has more than one
neighbor insideQ. Then in the complement grag’ there are at leagt= 2m edges
(letters) with one end vertex outsi@eand the other end vertex insid@g there being
exactly p = n-m vertices insideQ (pigeonholes). By the pigeonhole principle, in the
complement graple® some vertex insid€ must receive at least/pgedges. This is a
contradiction because by hypothesis the the minimum degree among the verticeQ inside
is greatethann- Epg 1 in G, so the maximum degree among the vertices ir@iddess
thand/pgain the complement grap&®. Thus, in the complement grafd, there exists a
vertexv outsideQ such that/ has exactly one neighbarinsideQ. This means that i®

there exists a vertexoutsideQ such that there is exactly one vertexn Q that is not a
neighbor ofv. Now since procedure 3.2 exchangesdw, a clique different fron®Q but

of the same size &3 is created. Note that in the process some verticesdeuthe clique
might have become adjoinable. Then, procedure 3.2 applies procedure 3.1 that produces a
maximal clique different fron® and of size greater than or equal to the siz®.df

5.4. Proposition.Given a simple grap with n vertices and minimum vertex degreée
the algorithm always finds a maximal clique of size at ledgt- iz

Proof. Consider any one turn of part | in the algorithm. Aftevertices have been
adjoined fom a total ofn, there arel = n-t vertices outside the cliqu® and the
minimum degree among the vertices insi@iés certainly greater than or equaldoBYy
proposition 5.1, ilis greater than- E(n-g 1=n- @-t)/(n- (n-t))g 1=n- @-t)/tg 1=

n- @/t)- 1 1 =n- @Altg then a strictly larger clique is produced by adjoining a vertex.
Hence, as long ass less thamn/(n- g a vertex can still be adjoined and procedure 3.1
continues. Thus, at leaét/(n- Yz vertices are adjoined, producing a cliquiesize at
leasten/(n- Yz By propositions 5.1, 5.2 and 5.3, all of the cliques produced by the
algorithm are maximal and of size at le@st(n- da 1

5.5. Proposition.A simple graphG with n vertices and minimum vertex degrdéas a
maximal cliqueof size at leasin/(n- iz

Proof. By proposition 5.4, the algorithm finds a maximal clique of size at éefst Y
I

5.6. Proposition.Given any positive integers andd such that <  ch, there exists a
graphG with minimum vertex degreg and amaximum clique of sizen/(n- ¥a For any
such graph the algorithm always finds a maximum clique.
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Letn = q(n- #r with 0 ¢ r <n- dby Euclid's division lemma. There are two

Case 1. Supposer = 0. Define the complement graph® to be the aph
consisting ofg disjoint cliquesQy, ..., Qq with n- dvertices each. The@C is a
graph with maximum vertex degree d1, so the grapl has minimum vertex
degreed. SUpPPOSEmaximumiS @ maximum clique 0. ThenQnaximudMust contain
exactly one vegx from each clique in the complement gr&®h i.e. the size of
QmaximumMmust be at mogy. On the other hand, by proposition 5.4, the algorithm
finds a maximal cliqu& of size at leasén/(n- o= eq(n- d/(n- Y= qin the
graphG. Thus, the size d) andQmaximummust be the same, i@/(n- iz

Case2. Suppose is positive. Define the complement gra@fi to be the graph
consisting ofq disjoint cliquesQs, ...Qq with n- dvertices each and a disjoint
clique Rwith r vertices. TherG® is a graph wi maximum vertex degree d1;

so the graplG has minimum vertex degre® SuppoS&maximumiS & maximum
clique of G. ThenQmaximudMust contain exactly one vertex from each clique in the
complement grapls©, i.e. the size 0QmaxmumMust be at mogg+1. On the other
hand, by proposition 5.4, the algorithm finds a maximal cliQuef size at least
en/(n- Y= gq(n- r )/(n- M= g+ea/(n- M= g+l in the graplG, using the fact
that&/(n- Y= 1 since O<r <n- dThus, the size d and Qnaximummust bethe
same, ieen/(n- Ya 1
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In 1930, Ramsey6]| proved that given any positive integetsand |, there exists a
smallest integer(k, |) such that every graph wititk, |) vertices catains either a clique

of k vertices or an independent set lofertices. The determination of the Ramsey
numberg(k, I) is in general a very difficult unsolved problemRamsey grapR(k, |) is

a graph withn = r(k, 1)- 1 vertices that contains neitherckque of k vertices nor an
independent set dfvertices. From the definition of the Ramsey numbers it follows that
Ramsey graphR(k, |) exist for all values ok andl greater than 2. We have an immediate

5.7. Corollary. A Ramsey grapiR(k, |) with minimum vertex degred, maximum vertex
degreeD andn =r(k, |)- 1 vertices must satisfy

éd (k- 1)g n<|(D+1).

Proof. By definition, the grapit = R(k, ) has no clique of sizkand no independent set
of sizel.

By [20] proposition 5.5,

&/(D+l)g 1< Y n<|(D+1) (1)
On the other hand, by proposition 5.5,

&n/(n- W k< Y n<k(n- Y

Y n<knkd

Y kd<knn

Y kd<n(k-1)

Y é&dk-1a n< (2)
By (1) and (2), the corollary foll ows.

5.8. Quesion. For all known examples of graphs, the algorithm finds a maximum clique.
In view of the importance of the versusNP question[3], we ask:does there exist a
graph for which this algorithm cannot findnaaximum clique?

6. Implementation

We demonstrate the algorithm with a C++ program following the styl€/jofThe
demonstration program packag&wnload| contains a detailed help file and section 7
gives several examples of input/output files for the program.
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Figure 6.1.Demonstration program for Microsoft Windoyzwnload)|

cliqgue.cpp
#include <iostream>
#include <fstream>
#include <string>
#include <vector>

using namespace std;

THE CLIQUE ALGORITHM

=10l x|

Input File  Dutput File  “isualizer Examples Help

DEMONSTRATION PROGRAM

THE CLIQUE ALGORITHM

File Edit Search Help

=10l |

18 B
ae11818111
aeAa1111811
18868111181
1188811118
a11e88681111
1111881881
8111116188
1811181818 —
1181108081081
1118118818
TE
File Edit Search Help
1. Clique { 4 )z 1 3 6 18 o]
2. Clique { 4 ): 2 4 6 7 -
4 P‘é
k= |4 Find cligues of size at least k ‘

bool remov able(vector< int > neighbor, vector< int > cover);
int  max_removable(vector<vector< int > > neighbors, vector< int > cover);

vector<
cover);
vector<
cover,

int > procedure_1(vector<vector<

int > procedure_2(vector<vector<

int

int > > neighbors, vector<

K);

int  cover_size(vector< int > cover);
ifstream infile ( "graph.txt" );
ofstream outfile ( "cliques.txt" );
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int  main()
{
/IRead Graph (note we work with the complement of the input graph)
cout<< "Clique Algorithm." <<endl;
int n,i, j kK, p,q,r, s, min, edge, counter= 0:
infile>>n;
vector< vector< int > > graph;
for (i= O;i<n; i++)
{
vector< int > row;
for (j= 0;j<n;j++)

infile>>edge;
if (edge== O)row.push_back( 1);
else row.push_back( 0);

}
graph.push _back(row);

}
/[Find Neighbors
vector<vector< int > > neighbors;
for (i= 0;i<graph.size(); i++)
{
vector< int > neighbor;
for (j= 0; j<graph[i].size(); j++)
if (graph[i][j]== 1) neighbor.push_back(j);
neighbors.push_back(neighbor);
}
cout< <"Graph hasn=" <<n<<" vertices." <<endl;
/[Read maximum size of Clique wanted
cout<< "Find a Clique of size at leastk =" ;
cin>>K; k=n - K;
/IFind Cliques
bool found= false ;
cout<< "Finding Cliques..." <<endl;
min=n+ 1;
vector<vector<  int >>cove Trs;
vector< int > allcover;
for (i= 0;i<graph.size(); i++)
allcover.push_back( 1);
for (i= O; i<allcover.size(); i++)

{
if (found) break ;

counter++; cout<<counter<< "." . outfile<<counter<<
vector< int > cover=allcover;
cover[il= O;

cov er=procedure_1(neighbors,cover);
s=cover_size(cover);

if (s<min) min=s;

if (s<=k)

{

outfile<<  "Clique (" <<n-s<<"): "

for (j= O; j<cover.size(); j++) if (cover[j]== 0) outfile<<j+

outfile<<endl;

cout<< "Clique Size: " <<n- s<<endl;
covers.push_back(cover);

found= true ;

break ;
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}

for (= 0;j<n  -k;j++)
cover=procedure_2(neighbors,cover,j);
s=cover_size(cover);

if (s<min) min=s;

outfile<<  "Clique (" <<n-s<<"):: "
for (j= 0; j<cover.size(); j++) if (cover[j]== 0) outfile<<j+ I<<""
outfile<<endl;
cout<< "Clique Size: " <<n- s<<endl;
covers.push_back(cover);
if (s<=k){ found= true ; break ;}
}
/[Pairwise Intersections
for (p= 0; p<covers.size(); p++)
{
if (found) break ;
for (g=p+ 1; g<covers.size(); q+ +)
{
if (found) break ;
counter++; cout<<counter<< "." ; outfile<<counter<< "ty
vector< int > cover=allcover;
for (r= 0; r<cover.size(); r++)
if (covers[p][r]== 0 && covers[q][r]== 0) cover]r]= 0;
cover=procedure_1(neighbors,cover);
s=cover_size(cover);
if (s<min) min=s;
if (s<=k)
{
outfile<<  "Clique (" <<n-s<<"):"
for (j= O; j<cover.size(); j++) if (cover[j]== 0) outfile<<j+ I<<
outfile<<endl;
cout<< "Clique Size: " <<n- s<<endl;
found= true ;
break ;
}
for (= 0;j<k; j++)
cover=procedure_2(neighbors,cover,j);
s=cover_size(cover);
if (s<min) min=s;
outfile<<  "Clique (" <<n-s<<") "
for (j= O; j<cover.size(); j++) if (cover[j]== 0) outfile<<j+ I<<

outfile<<end!;
cout<< "Cli que Size: " <<n- s<<endl;
if (s<=k){ found= true ; break ;}

<<endl

if (found) cout<< "Found Clique of size at least " <<K<<"" <<endl;
else cout<< "Could not find Clique of size at least " <K<
<<"Maximum Clique size found is " <<n- min<<"." <<endl;
cout<< "See cliques.txt for results." <<endl;
system( "PAUSE");
return  0;

}

bool removable(vector< int > neighbor, vector< int > cover)

{
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bool check= true ;

for (int i= O; i<neighbor.size(); i++)
if (cover[neighbor[i]]== 0)
check= false ;
brea k;

return  check;

}

int  max_removable(vector<vector< int > > neighbors, vector< int > cover)
{

int r=-1, max= -1;

for (int i= 0; i<cover.size(); i++)

if (cover[i]== 1 && removable(neighbors]i],cover)== true )

vector< int >temp_cover=cover;
temp_cover[i]= 0;
int  sum=0;
for (int j= 0; j<temp_cover.size(); j++)
if (temp_cover[j]== 1 && removable(neighbors|j], temp_cover)== true )
sum-++;
if (sum>max)
{
max=sum;
r=i;
}
}
}

return r

}

vector< int > procedu re_1(vector<vector< int > > neighbors, vector< int >
cover)
{ .
vector< int >temp_cover=cover,;
int r=0;
while (rl= -1)
{
r= max_removable(neighbors,temp_cover);
if (r'= -1)temp_cover[r]= 0;
}

return temp_cover;

}

vector< int > procedure_2(vector<ve ctor< int > > neighbors, vector< int >
cover, int k)

{

int count= 0;

vector< int >temp_cover=cover;

int i=0;
for (int i= 0O;i<temp_cover.size(); i++)
if (temp_cover[i]== 1)
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int  sum=0, index;
for (int j= 0; j<neighbors[i].size(); j++)

i f (temp_cover[neighbors]i][j]]== 0) {index=j; sum++;}
if (sum==1 && cover[neighbors][i][index]]== 0)
{
temp_cover[neighbors][i][index]]= 1;
temp_cover[i]= 0;
temp_cover=procedure_1(neighbors,temp_cover);
count++;

if (count>k) break ;
}
}

return temp_cover,

}

int  cover_size(vector< int > cover)
{

int  count= 0;

for (int i= 0;i<cover.size(); i++)

if (cover[i]== 1) count++;

return  count;
}

Figure 6.2.C++ program for the clique algorithndownload]

7. Examples

We demonstrate the algorithm by running the program on several famous graphs and two
large benchmark graphs with hidden maximum cliques. In each case, the algorithm finds

a maximum clique in polynomiime.

7.1 The Tetrahedron[8]. We run the program on the graph of the Tetrahedronmth
4 vertices. The algorithm finds a maximum clique of &ize4.

graph.txt
4

0111
1011
1101
1110

cligue.t  xt
Clique (4):1234
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Figure 7.1.The graph of the Tetrahedron with a maximum clique
(n=4,k=4).

7.2. The Complement of the Kuratowski Bpartite Graph Ks 3 [9]. We run the
program on the complement of the Kuratowski bipartite gt&ph with n = 6 vertices.
The algorithm finds a maximum clique of size 3.

graph.txt

6
011000
10 1000
110000
000011
000101
000110

clique.txt
Clique (3):123
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Figure 7.2.The complement of the Kuratowskagh Kz 3 with a maximum clique
(n=6,k=3).

7.3. The Octahedron[8]. We run the program on the graph of the Octahedronmtl®
vertices. The algorithm finds a maximum clique of &ze3.

graph. txt
6

011011
101101
110110
011011
101101
110110

clique.txt
Clique (3):246
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Figure 7.3.The graph of th©ctahedron with a maximum clique
(n=6,k=3).

7.4. The Complement of the Bondyurty Graph G; [4]. We run the program on the
complement of the BondWylurty graphG; with n = 7 vertices. The algorithmnfds a
maximum clique of siz& = 3.

graph.txt

=
0001001
0000101
0000011
1000110
0101010
0011100
1110000

clique.txt
Clique (3):456
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Figure 7.4.The complement of the Borljurty graphG; with a maximum clique
(n=7,k=3).

7.5. The Turan Graph T3 g[10]. We run the program on the Bur GraphTs, g with n =
8 vertices. The algorithm finds a maximum clique of &ze3.

graph.txt

8
00011111
00011111
00011111
11100111
11100111
11111000
11111000
11111000

cligue.t  xt
Clique (3):247
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Figure 7.5.The Turan Graph § gwith a maximum clique
(n=8,k=3).

7.6. The Complement of the Cubé3]. We run the program on the complement graph of
the Cube withn = 8 vertices. The algorithm finds a maximum clique of kized.

graph.txt

8
00101011
00011101
10001110
01000111
11 100010
01110001
10111000
11010100

clique.txt
Clique (4):1357
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Figure 7.6.The complement graph of thel® with a maximum clique
(n=8,k=4).

7.7. The Complement of the Petersen Graphll]. We run the program on the
complement of the Petersen graph with 10 vertices. The algorithm finds a maximum
clique of siz&k = 4.

graph.txt

10
0011010111
0001111011
1000111101
1100011110
0110001111
1111001001
0111110100
1011101010
1101100101
1110110010

clique.txt
Clique (4):136 10
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Figure 7.7.The complement of the Petersen graph with a maximum clique

(n=10,k=4).

7.8. The Complement otthe Bondy-Murty graph G; [4]. We run the program on the
complement of the BondWlurty graphG, with n = 11 vertices. The algorithm finds a
maximum clique of siz& = 4.

graph.txt

11
01000010000
10000010000
00001101111
00001101111
00110001111
00110001111
11000000000
00111100011
00111100011
00111101100
00111101100
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clique.txt

Clique (3):127
Clique (3):127
Clique (4):36811

Figure 7.8. The complement of the Bonlyurty graph G with a maximum clique
(n=11,k=4).

7.9. The Complement of the Grotzsch Graph12]. We run the program on the
complement of the Grotzsch graph witls 11 vertices. The algorithm finds a maximum
clique of sizek = 5.

graph.tx t

11
00000011111
00111101011
01011110101
01101111010
01110101101
01111010110
10110100110
11011000011
10101110001
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11010111000
11101 001100

clique.txt
Clique (5):23456

Figure 7.9.The complement of the Grotzsch graph with a maximum clique
(n=11,k=5).

7.10 The Complement of the Herschel Graph[13]. We run the program on the
complement of the Herschel graph witl 11 vertices. The algorithm finds a maximum
clique of sizek= 6.

graph.txt

11

0010010 1111
00011110111
10001111011
01001111101
01110011101
11110001110
01111000111
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10111100010
11011110001
11100111000
11111010100

clig ue.txt
Clique (5):136810
Cligue (6):2457911

Figure 7.10.The complement of the Herschel graph with a maximum clique
(n=11,k=6).

7.11. The Icosahedron8]. We run the program on the graph of the Icosahedronnwith
12 vertices. The algorithm finds a maximum clique of kize3.

graph.txt

12
011001110000
10 1111000000
110100011000
011010001100
010101000110
110010100010
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100001010011
101000101001
001100010101
000110001011
000011100101
000000111110

clique.txt
Clique (3):349

A “v/\

Ny > &
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Figure 7.11.The graph of the Icosahedron with a maximum clique
(n=12,k=3).

7.12. The Complement of the BondyMurty graph Gz [4]. We run the program on the
complement of the BondWlurty graphGz with n = 14 vertices. The algorithm finds a
maximum clique of siz&= 7.

graph.txt

14
01101110111011
10011101110111
100011112111110
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01110

01000111111111
11100011101111
11110001111101
10111000111111
01111100011111
11110111000111
10111111100011
01111111110001
11111011111000
11011111011100
Clique (7):135791113

111111100

clique.txt
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Figure 7.12. The complement of the Borlurty graphGs with a maximum clique
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7.13. The Complement of the BondyMurty graph G4 [4]. We run the program on the
complement of the BondWlurty graphG, with n = 16 vertices. The algorithm finds a
maximum clique of siz&= 9.

graph.txt

16

0111101111110111
1011110110111111
11011011111101 11
1110111111011111
1111011011111111
0101101111011111
1011110101111111
1111011011101011
1111110101111101
1011111110111101
111010 1111011111
1111111011101111
01011111111101112
1111111011111011
1111111100111100
1111111111111100

clique.txt
Clique (9): 1345910121416
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Figure 7.13.The complement of the Bonlljurty graphG,4 with a maximum clique

(n=16,k=9).

7.14. The Ramsey GraptR(4,4) [6]. We run the program on the Ramsey gr&ih,4)
with n = 17 vertices. The algorithm finds a maximum clique of kizeS.

graph.txt

17
01101000110001011
10110100011000101
1101101000110
01101101000110001
10110110100011000
01011011010001100
00101101101000110
00010110110100011
10001011011010001
110001011011010
01100010110110100
00110001011011010
00011000101101101
10001100010110110
01000110001011011

0010

00
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